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ABSTRACT

Let G = (V,E) be a connected graph. A subset S of V(QG)
is called a boundary dominating set if every vertex of V' — S is
boundary dominated by some vertex of .S. The minimum taken
over all boundary dominating sets of a graph G is called the bound-
ary domination number of GG and is denoted by 75 (G). We define
the boundary domatic number in graphs. Exact values of of Wheel
Graph Families are obtained and some other interesting results are
established.
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1. INTRODUCTION

For graph-theoretical terminology and notations not defined here
we follow Buckley [2] and Haynes et al.[4]. Let G be a nontrivial
connected graph. The distance between two vertices v and v is the
length of a shortest path joining them. The eccentricity e(u) of a
vertex u is the distance to a vertex farthest from u. A vertex v is
called an eccentric vertex of u if e(u) = d(u,v). A vertex v is an
eccentric vertex of G if v is an eccentric vertex of some vertex of
G. Consequently if v is an eccentric vertex of u and w is a neighbor
of v, then d(u,w) < d(u,v). A vertex v may have this property,
however, without being an eccentric vertex of u. Let G be a simple
graph G = (V, E) with vertex set V(G) = {v1,v2,...,v,}. For
i # j, avertex v; is a boundary vertex of v; if d(v;, v:) < d(vj, v;)
for all v; € N(v;) [3].

A vertex v is called a boundary neighbor of u if v is a nearest
boundary of w. If v € V, then the boundary neighbourhood of «
denoted by N, (u) is defined as Ny(u) = {v € V : d(u,w) <
d(u,v) forall w € N(u)}. The cardinality of N, (u) is denoted by
degy(u) in G. The maximum and minimum boundary degree of a
vertex in G are denoted respectively by A,(G) and ,(G). That is
Ab(G) = maXycv ‘Nb (u) ‘, 5b(G) = minuev ‘Nb (u) ‘

A vertex u boundary dominate a vertex v if v is a boundary
neighbor of w. KM. Kathiresan, G. Marimuthu and M. Sivanandha
Saraswathy [5] introduced the concept of Boundary domination in
graphs. Puttaswamy and Mohammed Alatif [6] introduced the con-
cept of Boundary edge domination in graphs. All graphs considered
in this paper are finite and contains no loops and no multiple edges.
For a real number z; |z| denotes the greatest integer less than or
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equal to z and [z] denotes the smallest integer greater than or equal
to x.

Line graph L(G) of a graph G is defined with the vertex set E(G),
in which two vertices are adjacent if and only if the corresponding
edges are adjacent in G.

Middle graph M (G) of a graph G is defined with the vertex set
V(G) U E(G), in which two elements are adjacent if and only if
either both are adjacent edges in GG or one of the elements is a ver-
tex and the other one is an edge incident to the vertex in G. We
need the following theorems.

THEOREM 1. [6l] If G is a connected graph of size m > 3, then

(5771 < W(G) < m—A(G).

THEOREM 2. [6]] For any (n,m)-graph G, v (G) 4 7,(G) <
m+ 1.

THEOREM 3. For any gear graph G,, withn > 3, v(G,,) =
[51+1

THEOREM 4. [l For any helm graph H, with n > 3,
v(Hy) =n.

THEOREM 5. For any connected graph G, dy(G) < [ 545 ]-

2. RESULTS
2.1 Boundary Domination In Graphs

DEFINITION 6. A subset S of V(G) is called a boundary dom-
inating set if every vertex of V. — S is boundary dominated by some
vertex of S. The minimum taken over all boundary dominating sets
of a graph G is called the boundary domination number of G and
is denoted by v, (G), v, (G) for the line graph of G and ~v,(M(G))
for the middle graph of G.

2.1.1  Wheel Graph. The wheel graph W,, on n + 1 vertices is
defined as W,, = C,, + K3 where C,, isn — cycle. Let V(W,,) =
{vi:1<i<n}U{v}and E(W,) = {e; =vv;41,1 <i<n,
subscripts modulo n} U{e; = vv;,1 < i < n}, where v is an
external vertex adjacent to every other vertex.

THEOREM 7. For any wheel graph W,,, v,(W,) = 1

PROOF. Let W,, be a wheel graph of order n + 1. Since
d(v,v1) = d(v,v3) = ... = d(v,v,) = 1, then Np(v) =
{v1,v2, ..., }, 8 = Ap = nsothat S = {v} and | S| = 1. Hence



Fig. 1. Wheel graph W,

Y (W, ) < 1. Further since v,(W,,) > [An;rlﬂ = [otl] — g,
Thus v, (W,,) =1. O

THEOREM 8. For a wheel graph W,,, n > 3, ,(W,,) = 3.

PROOF. Let L(W,,) be the line graph of W,, of order 2n .
Since d(e;, e;41) < d(e;,ei12),d(e;,ei-1) < d(e;,e;_o) for all
ei+1,6i-1 € N(e;) and e;40,e;_2 € Np(e;), also d(ei,e;) <
d(e;, 6;71)7 d(ei,e;ﬂ) < d(e;, e;+2) for all e;-, e;-+1 € N(e;) and
€, 1,€;5 € Ny(e;) sothat §, = n —2,A; = n, and for 1 <
i < n,thecycle C3 = {e;,e;,€; 1} or {e;_1,e;, €} is aboundary
edge dominating set of W,,. Hence |S| = ~,(W,,) = 3. O

THEOREM 9. For a wheel graph W,,, n > 3, v,(M(W,,)) =
3.

PROOF. The proof is similar to the proof of Theorem 2.3. [

2.1.2  Gear Graph. The gear graph is a wheel graph with vertices
added between pair of vertices of the outer cycle. The gear graph
G, has 2n + 1 vertices and 3n edges. Let V(G,,) = {v; : 1 <i <
n}U{ul 01 <z<n}U{v}andE(G )={e; = vu;, 1 <i <
n}U{e, = vv,1 <i<nyU{e, = uvip1,1 < i < n, subscripts
modulo n} , where v is an external vertex adjacent to every other
vertex v; for1 <1 <n.

THEOREM 10. For any gear graph G, 1,(G,) = 2.

PROOF. Let X, Y be a bipartition of G,, with X =
{v1,v2, ..., v} and Y = {uy, ua, ..., u, }U{v}. Letv; € X. Then
d(v;,v;) = 2forallv; € X — {v;};4 # j and every vertex v; in
X is a boundary neighbour of v; except v;. Similarly d(v,u;) = 2
, then every vertex of Y — {v} is a boundary neighbour of u; except
vand §, = A, = n therefore S = {v,v;}, is a boundary dominat-
ing set of G,, for all ¢ so that | S| = 2. Hence 7,(G,,) < 2. Further
since Ay, = n, 7 (Gr) > [2’;111] - (2;?11], then v, (G,) > 2.
Hence v,(G,) = 2.

(|
THEOREM 11. For a gear graph G, v,(G,) = 3.

PROOF Let L(G,,) be the line graph of Gn of order 3n . Since
d(e“ ) < d(€i7 6;+1)7
d(e;,e;) < d(e;,e;41) forall €;,e; € N(e;) and e;+1,ei+1 S
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Fig.2. G,

Ny (e;), similarly e;,e; € N/(e;) and ei+1,e;-/+1 € N,(e;) so
thatéz]—n+1Al —2,and for 1 < i < n, the cy-
cle C3 = {e;, e, e;} = S’ is a boundary edge dominating set of
G,, and \S\ 3. Hence 'yb(Gn) < 3. Further since the collec-
tion {e;,e;,e; : 1 < i < n} contains n-cycles of order 3 then

)7

112 [32] = 3 50 that 7)(G) > 3. Thus 7}(Gr) =3 D
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THEOREM 12. Fora gear graph G, 71, (M(G,)) = [5]+1.

PROOF. Let M(G,,) be the middle graph of G, of order
5n + 1. Since d(e;, /) < d(e;, ;+1) d(e,,e”) < d(ei,€i41),
for all emeZ € N(e;),e z+17 and ez+1761+1 € Ny(e;). Sim-
ilarly €;,e;,e; € N(v;) and e;,,€;,1,u; € Ny(v;) so that
0 =n+4,A, =3nandforl < i < n the set S = {e; :
i = 2k+ 1,k < [5]} U {vi}isis a boundary dominating set
of M(Gy) and |S| = [%] + 1. Hence v (M(Gr)) < [5] + 1.
Further any boundary dominating set of M (G,,) must contains at
least one of e, v; for all i and hence |S| > n > (%] + 1 so that
Y(M(Gyr)) > [%]+ 1. Thus v (M (Grn)) = [2]+1. O



2.1.3  Helm Graph. The helm graph H,, is the graph obtained
from an n—wheel graph by adjoining a pendant edge at each node
of the cycle. The helm graph H,, has 2n + 1 vertices and 3n edges
and V(G,) = {v}U{v; : 1 <i<n}U{u;:1<i<n}and
E(G,) = {e; = vivig1,1 <i<n—1}U{e, = vv,1 <i <
n—1}U{e; = v;u;, 1 <i < n— 1. where v is an external vertex
adjacent to every other vertex v; for 1 <i <n

Fig.4. H,

THEOREM 13. For any helm graph H,,, ~v,(H,) = 3.

PROOF. Let (X,Y) be a bipartition of H,, with X =
{v1,v2,...; v} and Y = {us, ug, ..., un }U{v}. Letu; € Y. Since
d(v,u;) = 2, then every vertex of Y —{v} is a boundary neighbour
of u; except v and A, = n. Similarly since d(v;,v) < d(v;, Vi42)
forallv,v; 41 € N(v;), thenevery vertex v; in X fori+2 < j <n
is a boundary neighbour of v; except v;, also v;1 is a boundary
neighbour of v;_; except v;, v;41 and 5;) = 2, so that for all 7 the
set S = {v,v;,v;41} is a boundary dominating set of H,, where
S = {v,v1,v2} or {v,va,v3} or ...{v,v,_1,v,} and |S| = 3.
Hence v, (H,,) =3. O

THEOREM 14. For any helm graph H,,

' ) 2ifn=3o0r4
W (Hn) = { 3 otherwise

PROOF. The result is obvious if n = 3 or 4. Suppose n > 5,
Since d(e;,e;) < d(ei,e;+2), d(es,e;) < d(e;,eirs) for all
e, e; € N(e;) and € o, ei2 € Ny(e;), similarly e;, e; € N'(e))
and e; 41, eZH € N,(e;) so that §, = n+2, A, = 2n — 3, and for
1 <i<m, thesetS = {e;,e;,e;,} isaboundary edge dominat-
ing set of H,, and |S| = 3. Hence 'y;j(Hn) < 3. Further since the
collection {e}, e;, €} 41 1 1 <4 < n} contains n-cycles of order 3
then |S| > [22] = 3 so that v, (H,,) > 3. Thus v, (H,) =3 O

THEOREM 15. Fora helm graph Hy, ~,(M (H,)) = [2]+1.

PROOF. The proof is similar to the proof of Theorem 2.7. O
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Fig.5. L(Hg)

2.2 Boundary Domatic Number

The maximum order of a partition of the vertex set V of a graph
G into dominating sets is called the domatic number of G and is
denoted by d(G). For a survey of results on domatic number and
their variants we refer to Zelinka [7]. In this section we present a
few basic results on the boundary domatic number of a graph.

DEFINITION 16. Let G = (V, E) be a connected graph. The
maximum order of a partition of V into boundary dominating sets
of G is called the boundary domatic number of G and is denoted by
dp(G).

THEOREM 17. , dy(W,,) = dp(G,) = dp(H,) = 1.
THEOREM 18. For a wheel graph W,, n > 3, dy(W,) =

At

PROOF. By the definition of line graph, V(L(W,)) =
E(W,) = {e&; = vv;41,1 < i < n, subscripts modulo n}
Ufe; = vu;, 1 < i < n}. Let

’ . 2n
C={eee;,:i=3k—-1),1<k< (FW}
and
’ ’ . 2n
C ={eeip1e;,,:1=3k—2,1<k< [?1}
be a collection of 3-cycles of L(W,,). Clearly the cycles of C' and
C" are vertex disjoint and if V/(C) and V(C") denotes the set of
vertices belonging to the cycles of C' and led respectively then
V(C)NV(C') = ¢. Hence dy(W,,) > [C| + |C'| = 2[2]. If
n = 0or 1 (mod 3), then 2[ 2] = [2~] and d,(W,,) > [2e].
If n = 2(mod 3), then [3] = 2[%] + 1. In this
case €, 5,6, 1,n 2,6n1 ¢ V(C) U V(C) and the set
{e, 5,€. 1 en o} induces a 3-cycle. Hence if n = 2(mod 3)
dy(W,) > 2[2] + 1 = [Z]. Therefore in both the cases
d,(Wy) > [22]. Also since V/(L(W,,)) = 2n and 7,(W,,) = 3,
we have d, (W,,) < i—’f < [22]. Hence d,(W,,) = [2]. O
b

THEOREM 19. For a wheel graph W,, and its middle graph
M(W,),



dy(M(W,,)) = { 2 fn=3

n otherwise

PROOF. The result is obvious if n = 3, Suppose n > 4 by the
definition of middle graph V(M (G)) = V(G) U E(G), and since
[V(M(Wn))| = 3n+ 1,7 (M(W,)) = 3, then dy (M (Wy)) <
Sntl < | 3ol | < . Further let C = {P; = vie;e;_,_Q 11 <

Yo
© < n} be the collection of paths of M (W), ). Clearly the paths of
C are vertex disjoint and |C| = n, then d, (M (W,,)) > n. Hence
dp(M(W,))=n. O

THEOREM 20. For a gear graph G, d;(Gn) =n.

PROOF. let L(G,,) be a line graph of gear graph of order 3n,
since 'y;,(Gn) = 3, it follows that d’b(Gn) < [j,” | = L%”J =n.

cb
To prove the reverse inequality, let I' = {e;, e;-, e;-/ :1<i<n}be
a partition of the set of cycles of L(G,,). It is clear that the cycles
of I are vertex disjoint and |T'| = n therefore d,(G,,) > n. Hence

d,(G,)=n. O

Fig. 6.

M(G5s)

THEOREM 21. For a gear graph G,

n+1 ifn<5h
n ifn=6o0r7
LA S Al
2 otherwise

PROOF. The result is obvious if n < 9. In otherwise,
by the definition of middle graph, V(M (G,)) = V(G,) U
E(G,),|[V(M(G,))| = 5n + 1 in which the set {e; : 1 <
t < n} U {v} induces a clique K, of order n 4 1 and for each
i, (1 < i < n), the set of vertices {e:, €;+17 €i11,Viq1 : subscript
modulo n} induce a clique of order 4. Also Since degy,(u;) = 4

and [Ny (u;) 1 1 <4 < n| = 4n, then d, (M(G,,) < [22H] = 2.

To prove the reverse inequality, we consider the following cases.

Case 1 niseven. , p
Let Sy ={v; : 1 =2k+1,0 <k < [%|}U{en_s,€, 5,€, o}
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and Sy = {v; : i =2k, 1 <k < |2]}U {en_2,€, 1 en 1}
Clearly {S1,S2} is a boundary domatic partition of M (G,,) so
that d, (M (G,,) > 2.

Case 2 n is odd. , ,
LetS; = {v; : i =2k+1,0 <k < [§|}U{en 3,6, 5,€, o}
and Sy = {v; : i =2k, 1 <k < [2]}U {en_2,€, 1,€n 1}
Clearly {S;,S2} is a boundary domatic partition of M (G,,) so
that d, (M (G,,) > 2. Thus d, (M(G,,) = 2

O
THEOREM 22. For a helm graph H,,, d,(H,) = n.
PROOF. The proof is similar to the proof of Theorem 2.15. O

Fig. 7.

M (Hrz)

THEOREM 23. For a helm graph H,,

/ 5 ifn=5
dy(M(H,)) =< 3 ifn="Tor9 .
2 otherwise

PROOF. The result is obvious if n = 5,7 or 9. In other-
wise, by the definition of middle graph, V(M (H,,)) = V(H,) U
E(H,),|V(M(H,))| = 5n + 1 in which for each ¢, (1 < ¢ < n),
the set of vertices {e;,e; 41, e;+1,e;-/+1,vi+1 : subscript modulo
n} induce a clique of order 5. Also {¢; : 1 < i < n} U {v} in-
duces a clique of order n + 1 (say K,,+1). Since degy(u;) = 4 and
INy(u;) : 1 < i <n|=3n+1,then d,(M(H,) < [325] = 2.
To prove the reverse inequality, we consider the following cases.

Case 1 n is even. )
LetS; ={e;:1=2k+1,0<Ek<[%]+1}U{e, 1,v,}and
Sy={e;:i=2k,1<k< n—2}U{v1,e/n}.Clearly {51, 52}
is a boundary domatic partition of M (H,,) so that d, (M (H,,) >
2.

Case 2 n is odd. )
LetS1 ={e; 11 =2k+1,0 <k < [2]42}U{un_2,€, 1,00}
and Sy = {e; : i = 2k, 1 <k <n—3}U{u, 1,e,,0}
Clearly {51, S2} is a boundary domatic partition of M (H,,) so
that d, (M (H,,) > 2. Thus d, (M (H,,) = 2

O



3. CONCLUSION

In this paper we computed the exact value of the boundary dom-
ination number and the boundary domatic number for the Wheel
Graph Families, line graph of Wheel Graph Families and middle of
Wheel Graph Families .
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