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ABSTRACT 

In this paper, we use the Buongiorno’s mathematical model 

for studying numerically the convective instability which is 

induced by a purely internal heating in a rotating medium 

confined between two isothermal surfaces and filled of a 

Newtonian nanofluid layer (water + alumina) in the case 

where the radiation heat transfer mode is taken into 

consideration, such that the nanoparticle flux is zero on the 

boundaries. The linear study which was achieved in this 

investigation shows that the thermal stability of nanofluids 

depends of the Coriolis forces generated by the rotation of the 

system, the thermal radiation parameter, the Brownian 

motion, the thermophoresis of nanoparticles and other thermo-

physical properties of nanoparticles. The studied problem will 

be solved by converting our boundary value problem to an 

initial value problem, after this step we will approach 

numerically the searched solutions using the power series 

method (PSM). 
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1. INTRODUCTION 
The nanofluid is defined as a homogeneous fluid in which 

nano-sized particles (nanoparticles) are suspended in a base 

fluid like water, ethylene glycol and oil. The nanoparticles 

used in nanofluids are generally prepared of metals, oxides, 

carbides, or carbon nanotubes. The purpose of using 

nanofluids is to obtain a higher value of heat transfer 

coefficient compared with that of the base fluid, such that the 

nanofluids have not only a better heat conductivity but also 

greater convective heat transfer capability than that of base 

fluids, this remarkable properties make them potentially 

useful in many practical applications. Currently the nanofluids 

are introduced in the solar collectors instead of using 

conventional fluids for increasing the efficiency of the heat 

transfer. 

The onset of Rayleigh-Bénard convection in a confined 

medium filled of a nanofluid layer heated from below is now 

regarded as a classical problem when the volumetric fraction 

of nanoparticles is constant at the horizontal walls limiting the 

layer, such that the buoyancy-driven convection occurs when 

the Rayleigh number exceeds a certain critical value which we 

can determine it numerically with a good accuracy. In the 

recent years, the precedent problem has been studied without 

considering the radiation heat transfer mode in different 

situations by several authors [1-7] using the Galerkin weighted 

residuals method based on well-defined test functions, they 

found that the critical Rayleigh number can be decreased or 

increased by a significant quantity depending on the relative 

distribution of nanoparticles between the top and bottom 

walls. Combined the heat transfer processes such as 

convection - radiation play a significant role in several 

chemical processes involving combustion, drying, fluidization 

, MHD flows , and so forth.  

The problem of radiative-convective flows for the fluids has 

been studied by several authors [8-20] in different situations 

and geometrical configurations. Goody [8] found an 

approximate solution of the problem of the onset of 

convection between plane-parallel plates heated from below 

when the fluid between them absorbs and emits the thermal 

radiations, he developed the equation of radiative transfer in 

two approximate forms, one appropriate to an opaque 

medium, the other to a transparent medium .Vedat S. Arpaci 

[9] studied the non-equilibrium interaction between thermal 

radiation and laminar free convection in terms of a heated 

vertical plate in a stagnant radiating gas . C. Christophorides 

and Stephen H. Davis [10] studied the effects of radiative 

transfer in the thermal of a thin fluid layer. J. C. Bratis and 

J.R. Novotny [11] reported on the effects of thermal radiation 

in the convection boundary layer-regime of an enclosure. 

C.Chang et al. [12] used a radiative flux diffusion 

approximation to model the interaction of convective and 

radiative heat transfer in two-dimensional complex enclosure. 

Wen-Mei Yang [13] studied numerically the thermal 

instability of a fluid layer above a solid boundary induced by 

incident radiative heat to the upper free surface. F. Bdéoui and 

A. Soufiani [14] studied theoretically the radiation effect on 

the onset of Rayleigh-Bénard instability in the case of real 

molecular emitting and absorbing gases. A. Raptis [15] 

discussed the effects of the radiation on the velocity field in 

the case of the free convection flow through a very porous 

medium bounded by a vertical infinite porous plate. M.A. 

Hossain et al. [16] used the implicit finite difference method to 

study the flow and heat transfer characteristics of laminar 

combined forced and free convection, with the effects of 

radiation, of a viscous incompressible and optically dense 

fluid from a horizontal cylinder. A. J. Chamkha [17] studied 

numerically the combined influence of radiative flux, gravity 

field and heat absorption on convection heat transfer in a two-

phase flow. M.Anwar Hossain et al. [18] investigated 

numerically the effect of thermal radiation on the natural 

convection flow along a uniformly heated vertical porous 

plate with variable viscosity and uniform suction velocity in 

the case where the fluid is considered as an optically dense 

viscous incompressible fluid of temperature-dependent 

viscosity. Vincent E. Larson [19] studied analytically the 

linear and nonlinear stability properties of an idealized 

radiative-convective model due to Goody, he used the energy 

method to rule out subcritical instabilities in the case where 

the thermal diffusivity is zero, if not he used this method to 

find a critical threshold below which all infinitesimal and 

finite-amplitude perturbations are stable in the case where the 
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thermal diffusivity is nonzero. P.Ganesan and P. Loganathan 

[20] analyzed the interaction of free convection with thermal 

radiation of a viscous incompressible unsteady flow past a 

moving vertical cylinder with heat and mass transfer.  

In general, the radiative process either occurs at the 

boundaries or as a term in the energy equation. In the latter 

case, the radiative term is usually approximated as a flux in 

such a way that the term corresponding to radiation in the heat 

transfer equation appears as a gradient term similar to 

Fourier’s conduction term.  

Today, the problem of Rayleigh-Benard convection for the 

nanofluids is studied by some authors [21-28] in different 

situations (with or without: rotation, magnetic field, internal 

heat source …) using a new type of boundary conditions for 

the nanoparticles which combines the contribution of the 

Brownian motion and the thermophoresis of nanoparticles 

instead to impose a nanoparticle volume fraction at the 

boundaries of the layer. The new model of boundary 

conditions assumes that the nanoparticle flux must be zero on 

the impermeable boundaries. D.A. Nield and A.V. Kuznetsov 

[21] are considered as the first ones who were used this type of 

boundary conditions for the nanoparticles. Until now, the 

precedent boundary conditions are used to study the problem 

of natural convection in a porous (Darcy or Brinkman model) 

or non-porous medium saturated by a nanofluid in the case 

where the radiation heat transfer mode is neglected. 

Our work consists of studying numerically the Rayleigh-

Bénard problem in a rotating medium confined between two 

isothermal rigid-rigid boundaries and filled of a nanofluid 

layer (water + alumina) in the case where the convective 

instability is induced by a purely internal heating and the 

energy transfer by radiation is present, such that the 

nanoparticle flux is assumed to be zero on the boundaries. In 

this investigation we assume that the Rosseland 

approximation (R. Viskanta and R. J. Grosh [29]) is valid and 

the nanofluid is Newtonian, gray-emitting and absorbing 

radiation but non-scattering. The parameters which appear in 

the governing equations are considered constant in the vicinity 

of the temperature of the boundaries 𝑇0
∗ which we took it as a 

reference temperature. Finally we will impose that the flow is 

laminar and the radiation heat transfer mode between the 

horizontal walls is non negligible. Our problem will be solved 

with a more accurate numerical method based on analytic 

approximations (power series method). In this investigation 

we assume that the effect of the rotation in the momentum 

equation is restricted to the Coriolis force and also the 

centrifugal acceleration is negligible compared to the 

buoyancy force. The used method gives results with an 

absolute error of the order of 10−3 to the critical values 

characterizing the onset of the convection. To show the 

accuracy of our method in this study, we will check some 

results treated by Yu and Shih [30] concerning the onset of 

convective instability which is induced by a purely internal 

heating in a non-rotating layer of a regular fluid confined 

between two isothermal rigid-rigid boundaries without taking 

into account the radiation heat transfer mode. 

2. MATHEMATICAL FORMULATION 

We consider a dilute layer saturated by an incompressible 

Newtonian nanofluid (water + alumina), vertically confined 

between two parallel rigid impermeable boundaries  (Fig 1) 

where the temperature is constant and the nanoparticle flux is 

zero on the boundaries, such that: 
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In this investigation we consider that the nanoparticles are 

spherical, their concentration is low and the convection is due 

to a uniform internal heating of strength 𝑄𝑠
∗ where the 

nanofluid is assumed to be gray-emitting and absorbing 

radiation but non-scattering. The radiative heat flux in the 𝑥∗ 
and 𝑦∗ directions is considered negligible in comparison to 

that in the z∗direction and the nanofluid will be subjected to a 

uniform rotation characterized by an angular velocity �⃗� ∗ and 

also acted upon by the gravity force 𝑔 ∗.The thermo-physical 

properties of nanofluid (viscosity, thermal conductivity, 

specific heat , mean absorption coefficient ) are assumed 

constant  in the vicinity of the reference temperature 𝑇0
∗  

except for the density variation in the momentum equation 

which is based on the Boussinesq approximations .The 

asterisks are used to distinguish the dimensional variables 

from the nondimensional variables (without asterisks). 

 

 

 

 

 

 

 

 

 

 

Fig 1: Physical configuration 

The governing equations for nanofluids given by Buongiorno 

[1] and Tzou [2,3] are extended under this model are as 

follows: 
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Where  �⃗� ∗(𝑢∗, 𝑣∗, 𝑤∗) is the nanofluid velocity, 𝑡∗ is the time, 

𝜌0 is the nanofluid density at reference temperature 𝑇0
∗ , 𝑃∗ is 

the pressure, 𝜌𝑝 is the density of nanoparticles, 𝛽 is the 

thermal expansion coefficient, 𝜒∗ is the volumetric fraction of 

nanoparticles, c is the specific heat , 𝜇 , 𝜌 and κ are the 

viscosity, the density and the thermal conductivity of 

nanofluid respectively , 𝐷𝐵 = 𝑘𝐵𝑇0
∗ 3𝜋𝜇⁄ 𝑑𝑝 is the Brownian 

diffusion coefficient , 𝐷𝑇 = �̃�𝜇𝜒
∗ 𝜌0⁄  is the thermophoretic 

diffusion coefficient , 𝑘𝐵 is the Boltzmann’s constant , 𝑑𝑝 is 

the diameter of nanoparticles , �̃� is a thermal coefficient 

(�̃� = 0.26 κ (2κ+ κp)⁄ ), κp is the thermal conductivity of  

nanoparticles , �⃗� ∗ is the vector differential operator and 𝑞𝑟
∗ is 

the radiation heat flux. 

In order to reduce the complexity of the problem and to 

provide a mean of comparison with the previous studies, the 
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optically thick radiation limit is considered in the present 

analysis. Thus, the radiative heat flux term is simplified by 

using the Rosseland approximation [29] as: 

qr
∗ = −

4σe
3βR

∂T∗4

∂z∗
 

Where  𝜎𝑒 and  𝛽𝑅 are respectively the Stefan-Boltzmann 

constant and the mean absorption coefficient. 

Assuming that the temperature gradient is sufficiently 

small in the medium, the Taylor’s series for 𝑇∗4 about the 

reference 𝑇0
∗  allows us to write: 

T∗4 = T0
∗4 +∑

(T∗ − T0
∗)i

i !
×
∂i    

∂T∗i
(T∗4)⌋

T∗=T0
∗
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If we neglect the higher order terms, the function  𝑇∗4 may 

be expressed as a linear function of the temperature  𝑇∗ to 

obtain  𝑇∗4 = 4𝑇0
∗3𝑇∗ − 3𝑇0

∗4 , then the equation (3) becomes: 

(ρc) [
∂T∗

∂t∗
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2
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∗ 
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DT
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(5) 

Introducing the following dimensionless variables: 
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α
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Then, we can get from the equations (1)-(5) the following 

adimensional forms: 

∇⃗⃗  . V⃗⃗ = 0 (6) 
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Such that: 
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3. STABILITY ANALYSIS  

3.1 The basic solutions  
The basic solution of our problem is a quiescent thermal 

equilibrium state, it’s assumed to be independent of time 

where the equilibrium variables are varying only in the z-

direction, therefore: 

V⃗⃗ b = 0⃗  (10) 

Tb = 0    ;   
dχb
dz

+ NA
dTb
dz

= 0     at       z = 0 (11) 

Tb = 0    ;   
dχb
dz

+ NA
dTb
dz

= 0     at       z = 1 (12) 

If we introduce the precedent results into equations (7)-(9), 

we obtain: 

∇⃗⃗ [Pb + RMz] = [(1 − χ0
∗)Tb − RNχb − χ0

∗Tbχb]e⃗ z (13) 

d2Tb
dz2

+ R
d2Tb
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d2χb
dz2

+ NA
d2Tb
dz2
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After using the boundary conditions (11) and (12), we can 

integrate the equation (15) between 0 and 𝑧 for obtaining: 

χb = −NATb + χ0 (16) 

Where 𝜒0 = (𝜒
∗(0) − 𝜒0

∗) 𝜒0
∗⁄  is the relative nanoparticle 

volume fraction at  𝑧 = 0.  

If we take into account the expression (16), we can get 

after simplification of the equation (14): 

d2Tb
dz2

= −
Ra
1 + R

 (17) 

Finally, we obtain after an integrating of the equation (17) 

between 0 and 𝑧: 

Tb =
Ra

2(1 + R)
z(1 − z) (18) 

χb = −
NARa

2(1 + R)
z(1 − z) + χ0 (19) 

3.2 Perturbation of the basic state  
For analyzing the stability of the system, we superimpose 

infinitesimal perturbations on the basic solutions as follows: 

T = Tb + T
′  ;   V⃗⃗ = V⃗⃗ b + V⃗⃗ 

′  ;   P = Pb + P
′ ;  χ = χb + χ

′  (20) 

After introducing the expressions (20) into equations (6)-(9), 

we obtain the following linearized equations: 

∇⃗⃗  . V′⃗⃗  ⃗ = 0 (21) 

Pr
−1
∂V⃗⃗ ′

∂t
= − ∇⃗⃗ P′ + √TA(v

′e⃗ x − u
′e⃗ y) + ∇⃗⃗ 

2V⃗⃗ ′ 

+(f1T
′ + f2χ

′)e⃗ z 

(22) 

∂T′

∂t
+ f3w

′ = ∇⃗⃗ 2T′ + R
∂2T′

∂z2
+ f4

∂T′

∂z
+ f5  

∂χ′

∂z
 (23) 

∂χ′

∂t
+ f6w

′ = Le
−1∇⃗⃗ 2χ′ + NALe

−1∇⃗⃗ 2T′ (24) 

Such that: 

f1 = 1 − χ0
∗(1 + χb) ; f2 = −(RN + χ0

∗Tb)  ; f3 = DTb ;  D = d dz⁄  

f4 = NBLe
−1D(χb + 2NATb )  ; f5 = NBLe

−1DTb  ; f6 = Dχb     

After application of the curl operator twice to the equation 

(22) and using the equation (21), we obtain the following 

equations: 

Pr
−1
∂F′

∂t
= ∇⃗⃗ 2F′ +√TA

∂w′

∂z
 (25) 

Pr
−1
∂  

∂t
∇⃗⃗ 2w′ = ∇⃗⃗ 4w′ −√TA  

∂F′

∂z
+ (f1∇⃗⃗ 2

2T′ + f2∇⃗⃗ 2
2χ′) (26) 

Where   ∇⃗⃗ 2
2= (

∂2  

∂x2
) + (

∂2  

∂y2
)   and  F′ = (

∂v′

∂x
−

∂u′

∂y
) . 

Analyzing the disturbances into normal modes, we can 

simplify the equations (23)-(26) by assuming that the 

perturbation quantities are of the form: 

(w′, T′, χ′, F′) = (𝓌(z), 𝒯(z),𝒳(z),ℱ(z))𝑒[i(axx+ayy)+nt] (27) 

After introducing the expressions (27) into equations (23)-

(26), we obtain: 

Pr
−1nℱ = (D2 − a2)ℱ + √TAD𝓌 (28) 

Pr
−1n(D2 − a2)𝓌 = (D2 − a2)2𝓌−√TA Dℱ 

−a2(f1𝒯 + f2𝒳) 
(29) 

n𝒯 + f3𝓌 = (D2 − a2)𝒯 + RD2𝒯 + f4D𝒯 + f5D𝒳 (30) 

n𝒳 + f6𝓌 = NALe
−1(D2 − a2)𝒯 + Le

−1(D2 − a2)𝒳 (31) 

Where 𝑎 = √𝑎𝑥2 + 𝑎𝑦2  is the dimensionless resultant wave 

number. 

In the framework of the Oberbeck-Boussinesq 

approximations, we can neglect the terms coming from the 

product of the temperature and the volumetric fraction of 
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nanoparticles in equation (7), if we suppose also that we are in 

the case of small temperature gradients in a dilute suspension 

of nanoparticles, we can consider that 𝑓1 ≈ 1  and  𝑓2 ≈ −𝑅𝑁 in 

the equation (29). 

The equations (28)-(31) will be solved subject to the 

following rigid-rigid boundary conditions: 

𝓌 = D𝓌 = ℱ = 𝒯 = D(𝒳 + NA𝒯) = 0    at    z = 0 ; 1 (32) 

4. METHOD OF SOLUTION 

4.1 The numerical method  
Very recently, Nield and Kuznetsov [21] and Agarwal [22] 

observed that the oscillatory convection is ruled out for the 

nanofluids with this new type of boundary conditions due to 

very large nanofluid Lewis number, so the stationary 

convection (𝑛 = 0) is the predominant mode. Hence, the 

equations (28)-(31) become: 

√TAD𝓌 + (D2 − a2)ℱ = 0 (33) 

(D2 − k2)2𝓌− a2f1𝒯 − a
2f2𝒳 −√TA Dℱ = 0 (34) 

f3𝓌− [(1 + R)D2 + f4D− a
2]𝒯 − f5D𝒳 = 0 (35) 

f6𝓌−NALe
−1(D2 − a2)𝒯 − Le

−1(D2 − a2)𝒳 = 0 (36) 

We can solve the equations (33)-(36) which are subjected 

to the conditions (32), by making a suitable change of 

variables that makes the number of variables equal to the 

number of boundary conditions to obtain a set of ten first 

order ordinary differential equations which we can write it in 

the following form: 

d  

dz
ui(z) = aijuj(z) ;   1 ≤ i, j ≤ 10  (37) 

The solution of the system (37) in matrix notation can be 

written as follows: 

U = BC (38) 

Where: 

B = ((bij(z))1≤i≤10
1≤j≤10

)  ;  U = ((ui(z))1≤i≤10)
T

 ;    C = ((cj)1≤j≤10
)
T

 

If we assume that the matrix 𝐵 is written in the following 

form: 

B = ((ui
j(z))1≤i≤10

1≤j≤10

) (39) 

Therefore, the use of five boundary conditions at  𝑧 =  0 , 

allows us to write each variable 𝑢𝑖(𝑧) as a linear combination 

for five functions  𝑢𝑖
𝑗(𝑧) , such that: 

bij(0) = ui
j(0) = δij (40) 

Where   𝛿𝑖𝑗  is the Kronecker delta symbol. 

After introducing the new expressions of the variables  

𝑢𝑖(𝑧) in the system (37), we will obtain the following 

equations:   

d  

dz
ui
j(z) = ailul

j(z) ;   1 ≤ i, l, j ≤ 10  (41) 

For each value of  𝑗 , we must solve a set of ten first order 

ordinary differential equations which are subjected to the 

initial conditions (40) , by approaching the variables 𝑢𝑖
𝑗(𝑧) 

with power series defined in the interval [0,1]  and truncated at 

the order  𝑁 ,  such that: 

ui
j(z) = ∑dp

i ,j
zp

p=N

p=0

 (42) 

A linear combination of the solutions 𝑢𝑖
𝑗(𝑧) satisfying the 

boundary conditions (32) at  𝑧 =  1  leads to a homogeneous 

algebraic system for the coefficients of the combination. A 

necessary condition for the existence of nontrivial solution is 

the vanishing of the determinant which can be formally 

written as: 

f(Ra , a , TA , R , NB , Le , RN , NA) = 0 (43) 

If we give to each control parameter (𝑇𝐴 , 𝑅,𝑁𝐵 , 𝐿𝑒 , 𝑅𝑁 , 𝑁𝐴)  

its value, we can plot the neutral curve of the stationary 

convection by the numerical research of the smallest real 

positive value of the thermal Rayleigh number  𝑅𝑎  which 

corresponds to a fixed wave number 𝑎 and verifies the 

dispersion relation (43). After that, we will find a set of points 
(𝑎, 𝑅𝑎) which help us to plot our curve and find the critical 

value (𝑎𝑐, 𝑅𝑎𝑐) which characterizes the onset of the convective 

stationary instability, this critical value represents the 

minimum value of the obtained curve. 

4.2 Validation of the method 
The main aim of our study consists to study the influence 

of a uniform rotation on the convective instability which is 

induced by a purely internal heating in a confined medium 

filled of a Newtonian nanofluid layer (water + alumina) for 

the rigid-rigid boundaries in the case where the radiation heat 

transfer mode is taken into consideration  . Our study shows 

that the thermal stability of Newtonian nanofluids depends on 

six parameters: 𝑇𝐴, 𝑅, 𝑁𝐵, 𝐿𝑒, 𝑅𝑁 and 𝑁𝐴.To validate our 

method, we compared our results with those obtained by Yu 

and Shih [30] concerning the onset of convective instability 

which is induced by a purely internal heating in a non-rotating 

layer of a regular fluid confined between two isothermal rigid 

boundaries without taking into account the radiation heat 

transfer mode (Table 1) .To make this careful comparison , 

we must take into consideration  the following restrictions : 

TA = R = NB = Le
−1 = RN = NA = 0 

Table 1: The comparison of critical values of Rayleigh 

number and the corresponding wave number with Yu and 

Shih [30] for the regular fluids in the case where TA = R = 0 

for the rigid-rigid boundaries. 

Present study  Yu and Shih 

N ac Rac ac Rac 

35 3.99 37325.80 

4 37325 

36 3.99 37324.96 

37 3.99 37325.24 

38 3.99 37325.15 

39 3.99 37325.18 

40 3.99 37325.17 

41 3.99 37325.17 

42 3.99 37325.17 

43 3.99 37325.17 

44 3.99 37325.17 

45 3.99 37325.17 

4.3 Convergence of the numerical method 
The convergence of our method is tested for the regular 

fluids and also for a reference nanofluid (H2O + Al2O3) in 

different cases of the Taylor number (𝑇𝐴 = 200; 600; 1000) and 

for a fixed value of the radiation parameter: 𝑅 = 0.6 (Fig 2). 

 According to the thermo-physical properties of the 

reference nanofluid which are given by Buongiorno [1] in the 

Table 2, we find for the considered nanofluid: 

NB = 7.75 × 10−3;  Le = 5000 ; RN = 1.03 × 10−1  ; NA = 24.18 

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=4&ved=0CDMQFjADahUKEwif54Gs88LIAhVHuBoKHRnhDuo&url=http%3A%2F%2Fwww2.imperial.ac.uk%2F~rvcras%2FM2M1%2FM2M1sheet7.pdf&usg=AFQjCNHeqTuiGntbYXQe32V9_48wEImLSg&sig2=P2C90SbOPCSUKvYFkvcP3A


International Journal of Computer Applications (0975 – 8887)  

Volume 135– No.10, February 2016 

37 

 

Table 2: Some properties of (𝐇𝟐𝐎+𝐀𝐥𝟐𝐎𝟑) in the case where  𝛘𝟎
∗ = 𝟎. 𝟎𝟏 , 𝐓𝟎

∗ = 𝟑𝟎𝟎𝐊  such that  𝐝𝐩 = 𝟏𝟎𝐧𝐦 , 𝐋 = 𝟒. 𝟏 × 𝟏𝟎−𝟓𝐦   

and  𝛒𝟎 = 𝟏𝟎𝟑 𝐤𝐠 𝐦𝟑⁄  . 

μ(Pa. s) κ(W m. K⁄ ) α(m2 s⁄ ) DB(m
2 s⁄ ) DT(m

2 s⁄ ) β(K−1) ρp(kg m3⁄ ) (ρc)(J m3⁄ ) (ρc)p(J m
3⁄ ) 

10−3 1 2 × 10−7 4 × 10−11 6 × 10−11 6 × 10−3 4 × 103 4 × 106 3.1 × 106 
 

 

 

Fig 2: Plot of Rac as a function of N for different values of TA for the regular fluids and the reference nanofluid. 

The above figure (Fig 2) shows that the stationary 

instability threshold of the regular fluids or of the reference 

nanofluid  depends implicitly of the truncation order 𝑁 and of 

the Taylor number 𝑇𝐴  such that the truncation order 𝑁𝑐 which 

corresponds at the convergence of our method is determined, 

when the absolute value of the difference between the critical 

thermal Rayleigh numbers 𝑅𝑎𝑐(𝑁𝑐 + 1) and 𝑅𝑎𝑐(𝑁𝑐) is of the 

order of  10−3 , where 𝑅𝑎𝑐(𝑁𝑐) and 𝑅𝑎𝑐(𝑁𝑐 + 1) are the critical 

thermal Rayleigh numbers which correspond to the truncation 

orders 𝑁𝑐 and  𝑁𝑐 + 1 respectively, such that  𝑅𝑎𝑐 = 𝑅𝑎𝑐(𝑁𝑐). 

The numerical study of the convergence of the used 

method shows that to ensure the accuracy of our obtained 

critical values, we must take as truncation order 𝑁𝑐 = 43 for 

the regular fluids and 𝑁𝑐  = 28 for the reference nanofluid, 

when we want to vary the values of the Taylor number  𝑇𝐴  

from 0   to  1000. 

5. RESULTS AND DISCUSSION 
To study the effect of a parameter (𝑅, 𝑁𝐵 , 𝐿𝑒 , 𝑅𝑁 , 𝑁𝐴) on 

the onset of the convective instability in a rotating medium 

filled of a Newtonian nanofluid layer (H2O+ Al2O3) for the 

rigid-rigid boundaries in the case where the thermal radiation 

is taken into consideration  and the convective instability is 

induced by a purely internal heating, we must fix the others 

and determine the variation of the critical Rayleigh number 

 𝑅𝑎𝑐  and the critical  wave number  𝑎𝑐 as a function of the 

Taylor number 𝑇𝐴  in the interval [0,1000] for different values 

of this parameter and then compare the obtained results with 

those of the regular fluids (Figs 3-8). To ensure the accuracy 

in this study, we will take as truncation order : 𝑁𝑐 = 28 for the 

studied nanofluids and 𝑁𝑐 = 43 for the regular fluids.  
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        Fig 3: Plot of ac and Rac as a function of TA for different values of R for the regular fluids. 

  

   Fig 4: Plot of ac and Rac as a function of TA for different values of R for a reference nanofluid. 

            

  Fig 5 : Plot of ac and Rac as a function of TA for different values of NB for the nanofluids. 
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Fig 6 : Plot of ac and Rac as a function of TA for different values of Le for the nanofluids. 

 

                           Fig 7: Plot of ac and Rac as a function of TA for different values of NA for the nanofluids. 

 

        Fig 8 : Plot of ac and Rac as a function of TA for different values of RN for the nanofluids. 
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In the present work concerning the study of the influence of a 

uniform rotation on the convective instability induced by a 

purely internal heating in the case where the thermal radiation 

is taken into consideration, we conclude generally that the 

presence of the nanoparticles in a base fluid can return the 

heat source strength 𝑄𝑠
∗ as a driving force which produces the 

onset of the convection in the gravity field for a configuration 

where the temperature on the top rigid boundary is equal that 

of the bottom . The influence of the thermal radiation 

parameter 𝑅 on the convective instability for the regular fluids 

and the nanofluids is shown on Figs 3 and 4  , such that an 

increase in the thermal radiation parameter 𝑅 will produce 

also an increase in both critical values  𝑅𝑎𝑐 and  𝑎𝑐 for the 

regular fluids (Fig 3), and an increase in thermal Rayleigh 

number  𝑅𝑎𝑐 without any change in the critical wave number 

 𝑎𝑐 for the nanofluids (Fig 4).The precedents results may be 

explained by the dominance of the thermal conduction over 

the radiation heat transfer in the case where the thermal 

radiation parameter 𝑅 is increased, such that in this case the 

medium releases a small amount of thermal energy for the 

buoyancy forces (driven forces promoting the onset of 

convection) compared with the case where the thermal 

radiation parameter 𝑅 is zero ,for this reason the size of 

convection cells remains unaffected by the thermal radiations 

in the case where a base fluid contains a volume fraction of 

nanoparticles .  

The Figs 3 and 4 indicate also that the variation either in the 

critical thermal Rayleigh number 𝑅𝑎𝑐 or in the critical wave 

number  𝑎𝑐 with the Taylor number 𝑇𝐴 is an increasing 

function for both studied cases (the regular fluids and the 

nanofluids), these results show that the presence of the 

Coriolis forces in the medium has a double effect , on the 

one hand it minimizes the effect of the buoyancy forces , on 

the other hand , it reduces the size of convection cells. Hence, 

the Taylor number 𝑇𝐴 has a stabilizing effect. The precedents 

figures and tables show also that the presence of the 

nanoparticles Al2O3 in a base fluid like water allows us to 

reduce tremendously the critical thermal Rayleigh number 𝑅𝑎𝑐 
, this result confirm  that the regular fluids are more stable 

than the nanofluids.  

The Fig 5 shows the effect of the modified particle-density 

increment 𝑁𝐵 on the onset of convection. From the precedent 

figure, we observe that the modified particle-density 

increment 𝑁𝐵 has no significant effect on the stability of 

nanofluids convection. This is happened due to the low value 

of the term 𝑁𝐵  which appears only in the perturbed energy 

equation (23) as a product with the inverse of the Lewis 

number 𝐿𝑒  near the temperature gradient and the volume 

fraction gradient of nanoparticles , so the effect of this 

parameter on the onset of convection in nanofluids will be 

very small which we can neglect it , such that for the majority 

of the nanofluids , we have : 𝑁𝐵 ~10
−3 − 10−1, 𝐿𝑒~10

2 − 103 

(Buongiorno [1], Nield and Kuznetsov [4] and I.S. 

Shivakumara et al. [24]). 

The Figs 6 and 7 exhibit the effects of the Lewis number 

 𝐿𝑒 and the modified diffusivity ratio 𝑁𝐴 on the stability of 

the system. From the precedent figures, we find that both 

the Lewis number 𝐿𝑒 and the modified diffusivity ratio 𝑁𝐴 

accelerate the onset of convection in a nanofluid layer. 

The modified diffusivity ratio 𝑁𝐴 appears in the equations 

(8) and (9) as a product with the inverse of the Lewis 

number 𝐿𝑒 where 𝑁𝐴𝐿𝑒
−1 = 𝐷𝑇𝜇 𝜒0

∗𝑇0
∗𝜌0𝛽𝑔

∗𝐿3⁄  and 𝐿𝑒 = 𝛼 𝐷𝐵⁄ , 

this important remark confirms that the thermophoresis of 

nanoparticles is a factor producing the thermal instability 

in nanofluids ,such that an increase in the thermophoresis, 

increases also the Brownian motion of nanoparticles. The 

effect of the Lewis number  𝐿𝑒 on the onset of convection 

shows that to ensure the stability of the nanofluids we can 

use a nanofluid which is having a less thermal diffusivity. 

In this investigation we find also that the Lewis number  𝐿𝑒 

and the modified diffusivity ratio 𝑁𝐴 have no significant 

effect on the critical wave number 𝑎𝑐. 

The Fig 8 shows the effect of the concentration Rayleigh 

number 𝑅𝑁 on the stability curves as a function of the Taylor 

number 𝑇𝐴 for the fixed values of other governing parameters. 

It is observed that the critical thermal Rayleigh number 𝑅𝑎𝑐  

decreases with the concentration Rayleigh number 𝑅𝑁 , 

indicating that the effect of the concentration Rayleigh 

number 𝑅𝑁 is to destabilize the system . The precedent result 

may be explained as an increase in the value of the 

concentration Rayleigh number 𝑅𝑁 increases also the 

volumetric fraction of nanoparticles 𝜒0
∗ and hence both the 

Brownian motion and the thermophoretic diffusion of 

nanoparticles increase. In this investigation, we find that the 

concentration Rayleigh number 𝑅𝑁  has no significant effect 

on the critical wave number  𝑎𝑐 and the regular fluids are more 

stable than the nanofluids, such that to ensure the stability of 

the nanofluids, we can use the less dense nanoparticles. 

6. CONCLUSIONS 
In this paper, we have examined the convective instability 

induced by a purely internal heating for a rotating nanofluid in 

the case where the thermal radiation is taken into 

consideration. The analysis has been performed for zero flux 

nanoparticles condition at rigid boundaries such that these 

latter are taken as isothermal. The resulting eigenvalue 

problem is solved analytically and numerically using the 

power series method (A.Wakif et al. [23,25,26,31]). The 

behavior of various parameters like the Taylor number  𝑇𝐴 , 

the thermal radiation parameter  𝑅  , the modified particle-

density increment  𝑁𝐵 , the Lewis number  𝐿𝑒 , the modified 

diffusivity ratio 𝑁𝐴  and the concentration Rayleigh number 𝑅𝑁 

on the onset of convection has been analysed and presented 

both numerically and graphically. 

The principal results derived from the present analysis can be 

summarized as follows: 

i. We can generate the convective instability thanks to 

an internal heat source which produces a constant 

volumetric heat with isothermal boundaries. 

ii. The presence of the radiation heat transfer and the 

Coriolis forces allow us to stabilize the nanofluids, 

such that an increase either in the thermal radiation 

parameter R or in the Taylor number 𝑇𝐴 induces also 

an increase in the critical thermal Rayleigh 

number 𝑅𝑎𝑐 . 

iii. To ensure the stability of the nanofluids, we can use 

a nanofluid which are having a less thermal 

diffusivity, a low concentration of nanoparticles or 

consisting of less dense nanoparticles. 

iv. An increase in the volume fraction of nanoparticles 

increases also both the Brownian motion and the 

thermophoresis of nanoparticles which cause a 

destabilizing effect for the nanofluids. 

v. The thermal radiation parameter  𝑅  , the modified 

particle-density increment  𝑁𝐵 , the Lewis number  

𝐿𝑒 , the modified diffusivity ratio 𝑁𝐴  and the 

concentration Rayleigh number 𝑅𝑁 have no effect on 

the critical wave number  𝑎𝑐 . On the contrary, the 
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presence of the rotation allows us to reduce the size 

of convection cells for both the nanofluids and the 

regular fluids. 

vi. The modified particle-density increment  𝑁𝐵 has no 

significant effect on the convective instability for 

the nanofluids. Hence, we can neglect the 

contribution of this parameter in the energy 

equation. 

vii. The regular fluids are more stable than the 

nanofluids. 

viii. The presence of the radiation heat transfer allows us 

to reduce the size of convection cells for the regular 

fluids. 
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