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ABSTRACT
A square difference 3-equitable labeling of a graph G with ver-
tex set V is a bijection f from V to {1,2,...,| V|} such that if

each edge uv is assigned the label -1 if | [f (u)]2 —[f (v)]2 | =
—1(mod4), the label 0 if | [f (u)]* — [f (v)]*| = 0(mod 4)
and the label 1 if | [f (u)]*> — [f (v)]*| = 1(mod4), then the
number of edges labeled with i and the number of edges labeled
with j differ by atmost 1 for —1 < 4,5 < 1.If a graph has a
square difference 3-equitable labeling, then it is called square dif-
ference 3-equitable graph. In this paper, we investigate the square
difference 3-equitable labeling behaviour of middle graph of paths,
fan graphs, (Pgn7 51), mKs, triangular snake graphs and friend-
ship graphs. m
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1. INTRODUCTION

DEFINITION 1. Let G = (V, E) be a graph. A mapping f :
V(G) — {-1,0,1} is called ternary vertex labeling of G and
f (W) is called the label of the vertex v of G under f.

For an edge e = ww, the induced edge labeling is given by f* :
E(G) — {-1,0,1}. Let vy (—1), vy (0), vy (1)be the number
of vertices of G having labels -1, 0, 1 respectively under f and
es (—1), es (0), ef (1) be the number of edges having labels -1, 0,
1 respectively under f*.

DEFINITION 2. A ternary vertex labeling of a graph G is
called a 3-equitable labeling if |v; (i) —vs (5) | < 1 and |ey (i) —
er(4)] < 1forall =1 < i,j < 1. A graph G is 3-equitable if it
admits 3-equitable labeling.

DEFINITION 3. A square difference 3-equitable labeling of a
graph G with vertex set V(G) is a bijection f : V(G) —
{1,2,3, ..., |V} such that the induced edge labeling f* : E(G) —
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{-1,0, 1} is defined by

—1if |If @] = [f )| =~1(mod4)
flle=w)=9 0 if [[f@]*—[f@)]*| = 0(mod4)
Loif |If ]* = [f ()] = 1(mod4)

and leg (1) — ez (§)| < 1forall =1 < i,j < 1. A graph which

admits square difference 3-equitable labeling is called square dif-
ference 3-equitable graph.

N

EXAMPLE 1. Consider the following graph G.

1 -1 4
0 -1 0
3 1 2

Fig 1. A square difference 3-equitable graph
We see that ey (—1) = e;(0) =2and ey (1) = 1.

Thus |es (i) —ef (j)| < 1forall =1 < 4,5 < 1 and hence G is
square difference 3-equitable.

DEFINITION 4. The middle graph of G, denoted by M (G), is
V(G) U E(G) such that two vertices x,y in the vertex set of M (G)
are adjacent in M (G) in case one of the following holds.

(i) z,y are in E(G) and x,y are adjacent in G.
(ii) x is in V(G), y is in E(G) and x,y are incident in G.

2. MAIN RESULTS

THEOREM 1. The middle graph M(P,) of path P, admits
square difference 3-equitable labeling.

PROOF. Let V(M(P,)) = {u;,v;|1 <i<n,1<j<n-1}
and
E(M(Pn)) = {Ujvj+1,uivi,viui+1|l S 7 S n — 1, 1 S] S n— 2}
Define

flu))=2i—-1,1<i<n
and f(v;) =27, 1<j<n-1



Then
[ (vjvj1) =0, 1 <j<n—2
frluw)=-1,1<i<n—1
and f*(v;ui41) =1, 1 <i<n-—1.

Hence |ef (i) — ey (j)| < 1forall =1 < ¢,5 < 1 and therefore
M (P,) is a square difference 3-equitable graph. [

EXAMPLE 2. The square difference 3-equitable labeling of
M (Py) is shown below.

Fig 2. Square difference 3-equitable labeling of M (Py)

THEOREM 2. The fan graph F5 ,, admits square difference 3-
equitable labeling.

PROOF. Let the apex vertices of the fan graph F5 ,, be w1, us
and let the other vertices along the diagonal be us, uq4, ..., Upt2.
Then |V (F2 )| =n+2and |E(Fy )| = 3n — 1.

Define f : V(F»,) — {1,2,...,n+ 2} by
flu) =i, 1<i<n+2.

Case(i): n is even

Forl1 <:< %,
f* (U1u2i+1) =0
f* (U2u21+2) =0
I (uguzipr) =1
I (wiugipe) = =1
f* (ugiqprugita) = =1

and 1 <4 < 22,

I (U2i+2U2i+3) =1L
Thus ef(—1) = ef(0) =nandes(1) =n — 1.
Case(ii): n is odd
For1l <i< 27,

I (uaugip1) =0
f (U2i+2U2i+3) =1
f* (U1U2i+2) =-1
FT (ugiqrtoiro) = —1
and1 <4 < L

v ‘

F (ugugipr) =0

[ (uougipq) = 1.
Thus ef(0) = ef(1) =nandes(—1) =n — 1.
Hence |es (i) —ef (j)| < 1forall =1 < 4,5 < 1 and therefore
F5 ,, is a square difference 3-equitable graph. O
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EXAMPLE 3. The square difference 3-equitable labeling of the
fan graph F; 5 is shown below.

1 0 7
~1
0
—1 -
0 % 1
1/ 0
1
- 0
3 1 2

Fig 3. Square difference 3-equitable labeling of F5 5

THEOREM 3. (Pa,,S1) is a square difference 3-equitable
graph.

PROOF. Let Py, : ujus...us, be the path.
Let vy, va, ..., v, be the vertices adjacent to uq,us, ..., us, and
w1y, Wa, ..., Way, be the vertices adjacent to vy, v, ..., Vay.
Let G be the graph (Pz,,, S1).
Define f : V(G) — {1,2,...,6n} by

fuwi) =1,
flo)=4dn—-i+1
and f(w;) =6n—i+1forl<i<2n.

Thenforl <i<n,

fr(ugicrug) = —1
fr(ugi—1v9;21) = —1
f*(uzivzi) =1,
forl1 <i<n-—1,
[ (ugiugiyr) =1
and for 1 <4 < 2n,
f*(viwi) =0.

Thus ef(—1) = ef(0) =2nand ef(1) = 2n — 1.
Hence |ef (i) — ey (j)| < 1forall =1 < ¢,5 < 1 and therefore
(Pan, S1) is a square difference 3-equitable graph. O

EXAMPLE 4. The square difference 3-equitable labeling of
(Ps, S1) is shown below.



I
—_
—_
I
—_
—_
I
—_
—_

* 18 17 16 * 15 14 13

Fig 4. Square difference 3-equitable labeling of (Ps, S1)

THEOREM 4. mKj is a square difference 3-equitable graph.

PROOF. Let G4, Ga, ..., G, be m copies of K3. Let uy, us, ug
be vertices of G, wu4,us,ug be vertices of Ga, ... , and
U3m—2, U3m_1, Usm De vertices of G,

Define f : V(mKs) — {1,2,...,3m} by

flu) =i, 1<i<3m

Case(i): m is even
> m
Fori=1,2,.., %,

.
f* (ugi—supi—a) = —1

( )
I (ugi—1ug;) = —1
( )
( )

and fori =1,2,...,m,

fr (u3i—2u3i) =0.
Case(ii): m is odd
Fori=1,2,..., ™,

f* (u61—5u61—4) =-1
f* (u6i—4u61—3) =1

fori =1,2,.., ™1
fr (u6i—1u6i) =-1
fr (uﬁi—2u6i—1) =1
and fori =1,2,...,m,
f* (U3i72U3i) =0.

Thus in both cases, e;(—1) = e(0) = e (1) = m.
Hence |es (i) —ef (j)| < 1forall =1 < 4,5 < 1 and therefore
mKs is a square difference 3-equitable graph. [

EXAMPLE 5. The square difference 3-equitable labeling of
TK5 is shown below.
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2 5 8 11
ANAWAWA
1 0 3 4 0 6 7 0 9 10 0 12

14 17 20

Fig 5. Square difference 3-equitable labeling of 7K

THEOREM 5. The triangular snake graph is a square differ-
ence 3-equitable graph.

PROOF. Let G be the triangular snake graph.
Let V(G) = {u;,v;[1 <i<n,1<j<n-1}
and
E(G) = {uiui+1,uivi,viui+1|l S 7 S n— 1}
Define

and f(v;) =24, 1<j<n-1

Thenforl <i<n-—1,

) =-1
[ (uitipr) =0
fr(vinigr) = 1.
Hence |ey (i) — ey (j) | < 1forall =1 < 4,5 <1 and therefore G
is a square difference 3-equitable graph. [J

EXAMPLE 6. The square difference 3-equitable labeling of a
triangular snake graph is shown below.

Fig 6. A triangular snake graph and its labeling
THEOREM 6. The friendship graph F,, admits square differ-
ence 3-equitable labeling.

PROOF. Letuy,us,us, ..., Uzn, Uant1 be the vertices of the fan
F,, with u; as the central vertex.



Then |V (F,)| = 2n+ 1 and |E(F,)| = 3n.
Define f : V(F,) — {1,2,...,2n + 1} by

flug)) =14, 1<i<2n+1.
Then fori =1,2,...,n,
f* (uluzi) =-1
I (uiugipr) =0
and f* (ugsugiq1) = 1.
Thus
er(=1) = es(0) =es(1) =n.

Hence |ef (i) — ey (j)| < 1forall =1 < ¢,5 < 1 and therefore
F,, is a square difference 3-equitable graph. O

EXAMPLE 7. The square difference 3-equitable labeling of F’s
is shown below.

Fig 7. Square difference 3-equitable labeling of Fj

3. CONCLUSION

In [[7], it was proved that paths and cycles admit square difference
3-equitable labelings. In the present work, it is proved that mid-
dle graph of paths, fan graphs, (P, S1), mK3s, triangular snake
graphs and friendship graphs admit square difference 3-equitable
labelings. To investigate analogous results for different graphs is
an open area of research.
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