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ABSTRACT

In this paper optimal second order sliding mode controller for

uncertain systems by using integral sliding surface is
proposed. The optimal controller is designed based on linear
quadratic regulator (LQR) method for nominal model of the
system. In optimal control method, the LQR is combined with
sliding mode control to obtain equivalent control and
switching control. The sliding mode controller is designed
using integral sliding surface to obtain the value of switching
control and to equivalent control values are obtained using
LQR technique. It is observed that LQR and integral sliding
mode control method are more efficient compare to other
conventional techniques. Stabilization of inverted pendulum
system is done using the sliding mode control approach. The
system of inverted pendulum is used in state space approach.
The main advantages of this method is that disturbance
rejection, insensitivity to parameter variations and
implementation issues are addressed easily using proposed
controller stabilization of inverted system. The simulation
result conform an advantage of the designed optimal sliding
mode control approach in terms of output responses and
stabilization of the system.
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1. INTRODUCTION

The uncertainty in any system can be of two types such as
disturbance signals and dynamic perturbations. The former
includes input and output disturbance, sensor noise and
actuator noise, etc. The latter represents the discrepancy
between the mathematical model and the actual dynamics of
the system in operation. Uncertainties are unavoidable in a
real control system. To overcome such type of problems many
researchers have suggested different control methods [12-13].
One of the robust control method was variable structure
control based sliding mode control (SMC) has received much
attention in the past 60 years for controlling certain as well as
uncertain systems [2-6]. In SMC, the system state trajectory
was forced to move along a chosen manifold in the state
space, called the sliding manifold, by using an appropriate
variable structure control signal. The SMC has been widely
recognized as a powerful control strategy for its ability of
making a control system very robust, which yields complete
rejection of external disturbances satisfying the matching
conditions. The SMC has widely been extended to incorporate
new techniques, such as higher-order sliding mode control,
dynamic sliding mode control and optimal sliding mode
control.

The optimal control laws (in terms of switch curves and
surfaces) were obtained for a variety of second and third-order
systems in the early fifties. Then the and constrained cases.
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The combination of optimal control with the SMC has given
rise to a new field of robust control strategy known as optimal
sliding mode control (OSMC). finite and infinite-time linear
quadratic optimal control problem has been intensively
studied for both the unconstrained The optimal sliding mode
control can be designed by combining an integral sliding
mode with an optimal controller. Because of integral sliding
mode, the order of the system does not get reduce, but system
is immune to matched uncertainities once the  system
trajectories are on sliding manifold. These techniques retain
the main advantages of SMC and also yield more accuracy
and desired performances. However, OSMC suffers from a
problem of chattering. The second order sliding mode
controller is developed as a generalization of the first order
sliding mode control theory. In second order SMC method ,
the selected sliding surface has one degree higher with respect
to the control. The discontinuous control signal acts on the
higher derivatives of sliding surface ($(t)) to enforce a sliding
motion on (s = 0) Indeed, in the second-order sliding mode,
the control affects s, i.e., the second derivative of the sliding
variable. The higher order SMC provides a natural solution to
avoid the chattering effect . To overcomes the problem of
chattering occurred in SMC, a second order sliding mode
controller is proposed .The outline of this paper is as follows.
In Section 1, the problem formulation is gives with short
description while in Section 2, controller design concepts in
view of state space are included. In Subsection 3.1, the
optimal control design is included while sliding mode
approach with equivalent and switching control is give in
Subsection 3.2. The concept of stabilization with inverted
pendulum example and conclusions are included in Section
4and5 respectively.

2. PROBLEM FORMULATION

The system considered in time domain analysis is given as
follows

X(t) = (A +AA(1)) X(t) + (B+AB(1)) u(t)
+(t)

y(t) = Cx(t) )

This is equivalent in differential equation form as t

dx/dt = Ax(t) +Bu(t) + AAX(t) + AB(t) + zeta

where, * A’ is system matrix, AA is uncertainty (means

error in A matrix ), B is input matrix, AB means error or
uncertainity in B matrix, this is similar to state space equation

given as, é/ (t) be the exogenous disturbance affecting the
system

dx/dt = Ax+Bu
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y =Cx+Bu )

Which follows assumption in equation (1) Where, d(t)
denotes the uncertain part of the system (1). This mean all
uncertainty or disturbance is denoted by d (t) .

X(t) = Ax(t) + B(u(t) + d(t))
y(t) = Cx(t) 3)

In this paper the u is designed based on sliding mode control
method. The sliding mode controller u has two controllers
as,

u=u,+ u, 4)

where , U, -equivalent controller and U, - switching
controller are discussed in the following section.

3. CONTROLLER DESIGN

To design controller u for the given system, equation (1) can
be transformed into controllable canonical form by using
linear transformation is obtain as follows,

X(t) = Tz(t) (5)

where T is the transformation. The state space of the given
system can be represented in ideally infinity form. After linear
transformation, matrix A can be written as

2(t) = (A + AA())z()) +( (B+AB®)u(t)

+ £ (1)
y(t) = Cz(t) ©)
where,
0 1 0]
0 1 0
A=T*AT= :
0O 0 O
_a1 a2 aS an_
0
B=T'B= and C =CT

b,

The parameters @, d,,a;are nothing but parameter of
transfer function.
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e | |z®)| | z(®)

o) 20| | 20

e(t) = @)

€ kt) 23.(0 ZSfi(t)

€ is the error, that is actual state ( Z ) minus desired state (
Z, ), The state can be output of the system or speed in case of

DC motor. In this paper the error is taken as the state,
therefore the equation comes; replace ‘€’ by Z in equation
(7) in paper

e=2-12,
Z=e+1,
Z=€e+1,

_ _ 0
S (t
o]
ét)=|."""|=
) 0 0 O 1
e, (t)
- h a a a, |
[0 1 0 |
0 1 0
. .
0 0 0 1
| Aa, Aa, Aa, Aa, |
e (t) 0 0
?Z(t) g [+ O u(t)
e, (t) b, | [Ab(t)
0
_l_
0
¢ (1)
] 0 ]
f 0 ®)
a0+ ) +az) ) +-+a2™() -2 1))
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Equation above is nothing but, the following

6(t) = (A+AA(D)) e(t) + (B+AB(t)u(t)

+ SO+ A (1) ©)
) _ _
0 1
M@ =] ¢ 1t
0 0 0 - 1
Aa, Aa, Aa, - Aa

0 0
B= 0 G(t)= 0
by ¢, ()
0
AB = E
0
Ab(t)
0
Ad(t): 0

az,(0)+a,2) () +a2 () + - +a,2 ) -2 ()

AA(t) e(t) + AB(t) u(t) +£(t)+ A, (t)

=By(t)
(10)

where ¥(t) is an unknown function
&(t) = Ae(t) +B(u,®) +u, ) + By (t) @y
3.1 Optimal controller design
In this section U, can be designed by using LQR system
é(t) = Ae(t) + B(t)u, (t) 12)
And suppose we want to design state feedback control u =K
e(t) to stabilize the system. Design of K is a tradeoff between

the transient response and control effort. The optimal control
approach to this design trade off is to define the performance

index (cost function) J = I[ETQ e(r) + u,(z)'R
0
u,(z)1dr (13)
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Q € R™" is positive semi-definite and R € R is
positive definite weighing matrix. T he optimal control law is

U, (t) obtained as
u,(t) = —R'B Pe(t) = — Ke(t) (14)

Where K = R™*B"P and P is symmetric, positive definite
matrix .

The nominal system equation (12) is stabilized by the optimal
control U, (t) which is obtained by minimizing the
performance index from equation (13).

In this stabilization problem, it can be considered that the
desired trajectory X4 (t) =0 .Hence tracking error e(t)
can be describe as

e®] [20)
&) |2z
e ()| |z
e,®] |z,

In this paper given value of Q and R to minimize the control
input , the performance index J is given by  From equation

(14) similarly e(7) = z(z)

e(t) =

(15)

The feedback control ul(t) is calculated by using LQR
technique.

3.2 Sliding mode controller design

s(t) =Gle(t) —e, —jgb(r)dr] dr (16)

where G is design parameter, €, be the error condition

pt) = Ae(t) + B u,(t) an
Differentiation Equation (16) with respective time
s(t) =G [ et) - ()] (18)

Equation (12) and equation (17) put in equation (18)

$(t) = A e(t) + B(t) u,(t) - Ae(t) —B(t) u,(t)
s(t)=0 (19)

In this method U, (t) is not calculated from equation (19).So
LQR technigue is used Equation (11) and equation (17) put in
equation (18)

$(t) = G[A e(t)+ B (u,(t) +u, () + By (t)-
Ae(t)- B(t) u,(t) ]

$(t) =[G B u,(t) + By(1)] (20)

We get U, (t) in equation (20)
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Above equation reaching phase is eliminated in the integral
sliding mode control .switching control is designed based on
17 - reachability condition is given as

s(t) < — psgn(s(t)) (21)

Where p > Oand

1 s(t)>0
sgn(s(t))=4-1 s(t)<0 (22)
0 s(t)=0
From equation (22) and (21) is obtained by
GB u,(t) <[ psgn(s(t))+ By ()] (23)
U, (t) < -((GB)™ [ psan(s(t))
+G By(t)] (24)

Where, GB Invertible means the matrix is has inverse. In
this sgn means signum function given in  From equation (24)

it is clear that the switching control U, (t) is effected by sign

function of the sliding mode. This sign function is created
chattering in the control input. ISMC, the chattering effect is
eliminated, the proposes second order sliding mode manifold.

Design of equation(16) is not required for knowledge of
initial condition .But the very beginning of sliding surface is
not system. Hence a non-singular terminal sliding surface is

added to guarantee finite time convergence of S(t).So non-

singular terminal sliding surface o (t) can be designed by
ot) =s®+ S §(t)*” (25)

Where & > Qis switching gain (26)

and & , 3 are the value of variable structure system with
sliding mode control .In this system is given condition.

a, f €[2n+1:nisan integer] (27)
Alpha and beta belongs to [2Nn+1: N ] means the value of

alpha and beta is between : Nto 2N +1 . Where ‘n’ is any

integer value. Example if N =1, alpha and beta are having
values in between 1 and 3

and 1<g< 2 (28)

Equation (28) is another condition on alpha and beta, the ratio
of alpha/beta should be between 1 and 2.

The linear sliding manifold s(t) in equation (16) and non-
singular terminal sliding manifold o(t) is combined to realize
the second order SMC by designed the constant plus
proportion reaching law [15] gives rise to

International Journal of Computer Applications (0975 — 8887)
Volume 137 — No.7, March 2016

o(t) = —msgn(o(t)) - £0(1) (29)
Where 77, > 0and & > 0.

Differentiation equation (25) with respective to t

G(t) = $(t) + 5%S(t)“/”l§(t)

5% a/ﬂ—lﬁ- 2-alf | &
=0 ﬂ S(t) (561 S(t) + S(t)) (30)

For the parameter & ,B equation (27) and (28) value is
given by

$()?* >0 for §(t) =0
$()“P =0 for $(t) =0 (31)
From equation (26), (27) and (31). The term

S(ar/ B)$(t)*#™ (30) can be substituted by a scalar
7, >0 for $(t) # Qin this condition is given by

5t =1, (és‘(t)“m +5(1) @

Substituting the value of & (t) from (29), (32) can be
expressed as

—7, (§ $(0)=7 +5(1) = —7, son(a (1) — £,0(1)

% S 7 +5(t) = —n son(o () —£,0(t)

33)Wherep =13, /17, >0 and £ =&, /&, >0.

Then (33) can be rewritten as

8(t) =—nsgn(o(t)) — o (1)
IB 5 2-a/pB
——o(t)s(t 34
= (©)s(t) (34)
(34) Differentiating (20) given by

§(t) = GIBU, (1) + By (1)] (35)

(35) From Equation(34) and(35), the switching control
law

u,(t) = —i (GB)'[L o (w)s(r) "
+nsgno(t) +eo (r)]dr (36)

Where the design parameters are chosen in
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Such a way that 77 and &
‘GE l//(t)‘ <1 (From equation 35)

4. SIMULATION AND RESULT

Consider example of inverted pendulum, Since the
analysis (state space model) and control design techniques
that | will employ in this problem apply only to linear
systems, these equations need to be linearized.
Specifically, 1 will linearize the equations about the

vertically upward equilibrium position, @ =0, and will
assume that the system stays within a small neighborhood
of this equilibrium

M
()
N

—>
]

Fig 1.inverted pendulum

As shown in fig(1) cart having mass M is displaced by
an amount of the ' due to external force U . M be the
mass of pendulum mounted on cart has an angular

displacement @. 2| be the length of the pendulum and
J be the inertia of pendulum.

Inverted pendulum is given by

% ()] [0 0 1 0
Lo! o o 0 1
%,(t)| |0 -1.933 —-1.987 0.009
x,] [0 36.977 6258 -0.173
% (t)] [0

O] L) +d() @7
x,(t) | " 0-320

x,(t)| |-1-009

International Journal of Computer Applications (0975 — 8887)
Volume 137 — No.7, March 2016

Where, states X, (t), X, (t), X5 (t), X, (t) be the cart
displacement of the pendulum r(t),angular displacement of
the pendulum é(t).d(t) is the disturbance ,value of d(t) is

given by1.5sin(zt/3) +cost. Equation (39) is to be

stabilize with control input similarly transformation is
used to

-0-1010 -0-0321 -0.0005 -0-0002
0 -0-0047 -0-1010 -0-0321
0 -0-9906 0 0
0 0.0001 0 —0-9906

2(t) =

x(t) (38)

(37)Equation (36) is obtained in the controllable
canonical form a

0 1 0 0 0
1 0
2(t) = z(t) +
0 6138 36.68 —2.16 0
1
(u(t)+d(v) (39)

In this paper design parameters of optimal second order
sliding mode controller is given by

a) B:[O 0 1]T,G is chosen in such that GBis
invertible. Accordingly , G 2[0 00 1]

b) from equation(27) and equation(28) is given by value of
a=7,/=5

¢) terminal sliding surface to be stable ,8 should be positive

value 0 =0-15

d) 77,& be the design parameter of the switching control law

n=3¢=01

1. The following graphs are of inverted pendulum by
applying the proposed OSOSMC & LQR system.

2. d(t) is the disturbance , value of d(t) is given by

1.5sin(7/3) +cost. These value put in program to

obtain similar graph because SMC is the eliminate the
disturbance

3. | have shown SMC without disturbance & SMC with
disturbance
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Fig 5. Sliding Surface

—I
— 03|

Taput # 1 Cuy s 2 Cugs

' I I I ] ' I
| | | |
1 H i i § 1

Tome (sec)

Fig 6. equivalent control U; by using LQR and
switching control U, by using OSOSMC

5. CONCLUSION

This paper proposed optimal second order sliding mode
control for uncertain system by using integral sliding surface.
The stabilization of inverted pendulum system is made using
the integral sliding surface designed based SMC. The result
describes the design of integral sliding surface designed
based SMC to obtain value of switching control which is used
to control the hard system such as inverted pendulum . Linear
quadratic regulator is used effectively to obtain value of
equivalent control. It is observed that LQR and ISMC
method are more efficient to control the position of the
pendulum at predefined position. The main advantages of the
proposed method includes the disturbance rejection as well
as insensitivity to parameter variations. The simulation result
shows an effectiveness of the proposed optimal sliding mode
control approach in terms of output responses and
stabilization of the system.
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