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ABSTRACT

In this paper, the approximation of asymptotic expansion for the
wavelet is obtained and the approximation of asymptotic
expansions for generalized Mexican hat wavelet and the wavelet
corresponding to mt" order cardinal B —spline are obtained.
Estimates of present investigations are based on Wong’s method.
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1. INTRODUCTION

At first in 1989, Wong [1]] studied the asymptotic approximation of
certain integrals.Wavelet approximation plays an important role in
Mathematics, Computer science and Technology . Approximation
of asymptotic expansion of wavelet has been studied by Sweldens
and Piessens [2]],Pathak and Pathak [3],Wong [4] and Ashurov and
Butaev [5] etc. But till now no work seems to have been done to
obtain the approximation of asymptotic expansion of

generalized Mexican hat wavelet and wavelet corresponding to
m*" order cardinal B-spline. In an attempt to make an advance
study in this direction, in this paper, the estimates for asymptotic
expansion of generalized Mexican hat wavelet and m*" order
cardinal B-spline wavelets are determined. These estimates are
new, better and sharper than all previously known estimates.

2. DEFINITIONS
If a function ¢ € L?(R) satisfies the “admissibility” condition:
’2

Cy =: /OO Wf:)) dw < oo, 1

o0

then ¥ is called a “basic wavelet”. Relative to every basic wavelet
1, the integral wavelet transform (IWT) of a function f € L?(R)
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is defined by

o0

(W f)(b,a) = |a * /

—00

or (t - b)dt @

a

where a,b € R with a # 0, (Chui [6]).

By setting
1 t—>b
Qﬁb;a = ‘a| 2 'l/) ( > (3)

a

the IWT defined in (2 can be written as

(Wwf) (bv a) = <fa wb;a> . (4)

Using Parsewall identity, it can also be written as

Wy f) (b,a)

= N

= — /xf(w)eibw(aw)d% 5)

Approximation of asymptotic expansion for the general integral

I(z) = / ) F(t)h(at)dt, ©)

was discussed by Wong [1]. Considering the basic idea of Wong
[1] related to approximation of asymptotic expansion of general
integral, the derivation for the approximation of asymptotic
expansion of a wavelet may be obtained.

Suppose that F'(¢) has an asymptotic expansion as

n—1
F(t) ~ Y ettt 4 Fu(t), ast = 0%, (D)
k=0
where 0 < 0 < 1, F,(t) = chtkwq.
k=n



The generalized Mellin transform of /, denoted by M [h; 2], is
defined by

e—0

Mlh; 2] = lim/ t*h(t)e " dt. ®)
0

By equation (7) and [Wong [, p.216],
n—1
I(2) =Y exMhik+olo~ ") +5,(), O
k=0
where approximation or error bound §,, is given by

o0

On(z) = lim

e—0T 0

F,(t)h(zt)e " dt. (10)

The condition for satisfying the result (9 is already given by Wong
([1], theorem 6, p.217).

3. APPROXIMATION OF ASYMPTOTIC
EXPANSION FOR A WAVELET
The approximation of asymptotic expansion of (W, f) (b,a) for

fixed b and |a| , has been derived. Estimates of present
investigations are based on Wong’s method.

Won ) = 2 [ e

+ alal * /DO f(fw)e”'b“’;ﬁ(faw)dw. (11)
0

Assume that f(w) has expansion of the form

00

flw) = chwk"'”*l asw — 0", (12)

k=0

where 0 < o < 1.
Next,

Fw) = f(w)e™

Il
(]
o
Bl
€
ol
+
g
~
VY
(]
g
-
N——

n—1
- Z dpw" T + F(w)asw — 0T, (13)
k=0
where
F,(w) = dew’”"*l. (14)
k=n

and

r

k AV
=Y (Zb!) o (15)
r=0
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Further assuming that

o0

1Z(w) ~ TP Zbrwfrfo‘; a>0,p>1, w— 4o, T#0
r=0
(16)
and
P(w) =0W); w—0F, p4+0>0. a7
By equations(9) and (TT),
oo _ n—1 _
| e rianas = 3 datisksola 50 ),
0 k=0
(18)
where
oW (a) = lim Fn(w)zz(aw)e*“dw. (19)
=0t /g
Similarly,
o0 _ n—1
| emieaitans = S a et
0 k=0
M (w);k+ola 7 + 53 (a),
(20)
where

e—0T

62 (a) = lim/ Fn(fw){[)(faw)e’wdw. 20
0

By equations , and , (W4 f) has been obtained as

follows

W) tha) = 23 m [+ o]
k=0

DM [Pkt o] x a0

+ dp(a); asn — 400, (22)
where approximation or error bound §,, is given by
0n(a) = lin}r F, (w)lz(aw)e*“’dw. (23)
e—0 0

The existence theorem for the formula ([1], theorem 6, p.217) has
been obtained in the following form:

3.1 Theorem
If

@) f(l) (w) is continuous on (—o00, ),
(i) for0 <o <1,
fw)y=> 1 awt  tasw — 0%;
(i) P(w) ~ ™" S bw
0,p=1;
and
@iv) w*afw(w) = O(w™'79), as w — oo, forj = 0,1,2,---,1,
[ being a non negative integer, € > 0.

a>0, w— 4o, T #



then,
_1 n-1
alal 2 =
(Vo) (50) = 55 =3 x M [dw)ik+ o]
+ (=DkFtotiyg [@(—w);k—&—a} xa ko
+ On(a); asn — +oo, (24)

holds with approximation or error bound 6,, given by
—1) o0 = (=)
O (a) = % / FO@) (daw) dw  @9)
ando +n > [
3.2 Lemmas

For the proof of the Theorem [3.1] following lemmas are required.
Lemma 1 If the integral f 030 f(t)dt exists as an improper Riemann
integral then,

lim N e (O E()dt = /Oo f(t)dt
0 0

e—0t
(Wong [11], p. 197).
Lemma 2 For z > 0 and ReX > 0,
lim / T ptgemig - C7T)
=0+ Jo A ’
(Wong [11], p. 198).

Example 1 Let f(¢) be absolutely integrable on [0, ] for some
§ > 0, and be bounded for ¢ > §. Then for any p > 1,

lim e/ fe dt =0
e—0Tt 0
(Wong [11], p. 233).
3.3 Proof of Theorem[3.1]

Integration by parts,

/Ow Fo(@)(aw)e ™" dw =

x —wF L (w)e " dw. (26)

By condition (iv) of Theorem[3.1],

[( J(aw)dw) Fn(w)e“’p:| =0.
Then,

/0 T F@law)e o =~ / T (aw)

a
x FM(w)e " dw
ep [T =D
+ PG (aw)

a Jo

X Fp(w)wP ™t e dw. (27)
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By Lemmas (1), (2) and example (1)

00

= (-1)
lim o+ % /¢ (aw) Fp(w)w? e " dw = 0
a
0
Thus,
(1) OC =1 (1) —ewP
0y = —— lim P (aw)FY (w)e dw. (28)
a e—0+

Repeating this process [ times,

w _ D ) aw
on (a)t ELO+/() v
= (71)1/ ZJ( (aw) FY (w)dw

YEW (w)e " dw

(@' Jo
by Lemma 1. 29)
Similarly
= = 1 %=
/ Fo(-w)f(—aw)e "o = - / 37 (—aw)
0 (a) Jo
X a4 (F (—w)efe“’p) dw
dw V" '
1 [Y=(
R ) v (—aw)
x FUD(—w)e " dw
< =(-1)
+ 2 (caw)
@ Jo
X Fp(—w)wP te " dw.(30)
Since,

=(-1)
lime_ o+ — L /1/) (aw) Fp (—w)wP te " dw = 0,
a

0

therefore
53 = (-1 lim 1;( l)( aw)FO (—w)e " dw
" (@)t esot "
1 A(
N ((a)3 / 3 (aw) PO (~w)do &)
0

Combining equations [29]and [31]
Gn(a) = 6 (a) + 6 (a)
=

= i

l *© =(=1)
(a)l e~>0+/ v (@

l
) hm/ 1/} —aw)FY (—w)e =" dw

W) FO (w)e " dw

l e—0t

_ ﬂ A
O] / v
+( )/ 3 Caw) FO ()

A( z)

() FO () o

ED ()

Thus, Theorem @15 completely established.



4. GENERALIZED MEXICAN HAT WAVELET

In this section the approximation of asymptotic expansions for
generalised Mexican hat wavelet has been determined in the
following form

4.1 Theorem
If f(w) satisfies conditions of Theoremthen

1 n—1
ala|”2 1
Wy f)(ba) = — I —
( ¢f)( ) o i k2ak+g+2
T (k+g+2) (14 (—1)F+o1)g ko
+ On(a), (32)

holds with approximation

—1)H1 gl L o0 (1)
5n(a) _ ( ) ‘a‘ 2/ FT(LZ) ((aw)Qefa(awF) dw

al=127 .
_0 (/oo O ((aw)ge,wmz)(’” dw.> . (33
Proof:. The Gaussian function, denoted by g,,, is defined by
1 2
ga(t) = ﬁe @, a>0, 34)

(Chui [6], pg. 50).
The generalized Mexican hat wavelet is defined by
d? 1
t)=——=(ga(t) = ——5—
V(1) =5 0a(t) = — e

The Fourier transform of Gaussian function is given as

(t* — 2a)e*%. (35)

aw?

Ja(w) =€
Using the well known result f(™) (w) = (iw)™ f(w),

D(w) = wie
= O(w?), as — 0%, (36)
Since
flw) = 0(65“2), w — 00 for some 6 >0 37)
therefore,
F(w) = ™ f(w) = 0(e’”), w — 0. (38)
Thus,

n—1

/Oc f(w)eibwij(aw)dw = Z dkM[—WQe*OW2 k+olah
0 k=0

+ 65(a), (39)

where

oo
aw? Caw?
Mw?e sk +o] = / whrotlemew qy
0

1 k+o+2
(437

7204
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and

e—0t

o = lim/ Fn(w)(—(aw)Qefo‘(““)Z)efe“’dw. 41)
0

From equations (39) and (#0),

o0 n—1
2 ibw 7 1 k+o+2
/ flw)e b Y(aw)dw = E dy—o= T ( 5 )
0 o 2072

x a7 + 61 (a). (42)
Similarly,
oo _ n—1 1
flmw)e ™ h(—aw)dw = Y (=DM dy—
0 pary 2007 2
T <’f+g+2> a7 4 6@ (a)
43)
where

53 = Tim / Fu(-w)(—(aw)?e @ )e “du.  (44)
0

e—0+

By equations (I), (#2) and (@3),

1 n-1
_ ala]”2 1
(W) (ba) = =5 E;d e
« T (k+;+2) (14 (—1)k+o1)g ke
+ On(a), (45)

Gu(a) = 67 (a) + 6 (a)

= lim / F,(w) (aw)Qe’a(a“ﬂe’de
e—~0t 0

+ lim Fn(fw)(aw)%’o‘(a“’)?e’”dw

e—0+ 0

/ F (w)(aw)?e %) duw

+ / Fn(—w)(aw)%*o‘(““’ﬁdw
0

N / Fo(w)(aw)2e (@) o, (46)

00

Considering above steps and the proof of the Theorem (3I)) the
result has been completely established.

5. THE WAVELET CORRESPONDING TO MTH
ORDER CARDINAL B — SPLINE
In this section the approximation of asymptotic expansions for m?

Order Cardinal B — spline has been determined in the
following form:

h



5.1 Theorem
If f(w) satisfies conditions of Theoremthen,

N
(Wof) (b,a) = 5osi™g(b)
‘ ‘7% m n-—1
aja m~+2r Ym _1\k+o+1
+ 5 DSOS it erdy (14 (1) )
r=1 k=1
x ettE" (k4o —m)(ar)~*+7=™ 15, (a),

47

0 W etraw (=0
00 iraw =0
o) (/ FO () (fw)m) dw)

where n is the smallest positive integer such that o +n > [.
Proof: The m*" order cardinal B-spline

N7n(t) = Nl*Nl *N1 Nl

(N1 convolutes itself m times)

holds with approximation

i (=1)"|a| "%

2mwamtt

dn(a) =

:/letfa:d m=23,---., (48)
where
)1, =ze]|0,1);
Ni(z) = { 0, otherwise,
Chui ([6], p.56)
Then
~ 1—e w\™
Nm = s
(@) < )
i\™" cAm
— e 1— iw
(5) a-e)
Z' " - s m 1wTr
- (5) Xeve
r=0
7 m m eiwr
— —_ m —1)rom
(2) + I
_ i m m ’m+2’rcm eiuﬂ‘ 49
(w) +Z;Z Towm “49)
Since,
- o [sing\™
lim N,,(w)= lim e'™2 —= =1,
w—0t w—0Tt bl
therefore

Np(w) =O0(1) as w— 0% (50)

By equations.(@), (2) and @)
(Wyf) (b,a
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i 2 'Lawr
— d
( (aw ) Z Cr amw™ ) “

X
% f‘ 'wa
o 27ram i’
1 m .
a\a| 2 jmter 7 ibw €77
Cm 10w d
+ Z n f(w)e ey
_ |a’| % m a|a % - m—+2r ~ym
© 2wa™m- 1 Z: c
iarw
x / f 7,bw € dUJ
amw™
ib 7azw7"
+ / f(- w)e e (51)

where

_ / S fwer
—c0 wm

The generalized Mellin transform formula of e is given by

o0

M[e“; z] = lim t*tette et dt

e—0t

= lim / t* et ey
e—0+ 0
e z—1 1
= lim ( i ) e * —dx,
=0t J, \e—i (e —1)
: 1 > z—=1_-x
= lim —— ¥ e Pdx
e—ot (€—1)% [o

= lim ;Fz
e—o+ (e —1)?

(52)
By (Wong [1]], p.192,)

iTw
e

M[—;k+o] = 2"tk 4 o —m)r- *tomm) (53)
wm

By equation (7),
’wa awTr . ZEWT
/ flw <W) _de ——k+o0—m]
% a*(k«ko' m)
i [ R (W) g
=0t [y " amwm

n—1
(k+o-m)
= E dkel 2
k=0

x D(k+ o —m)(ar)”kTo—m)
ezauﬂ

+ lim/ F(w) e “dw
0 mwm

e—0t



(54)

Similarly,

| e

_ n—-1
b (( € ;j:rm) = Z(—l)kﬁwldkeim
—a)™w

k=0
X I‘(k—l—afm)(ar)_(k'*"’_m)
+ lim F,(—w)
e—0+ 0
6—iawr
*Ewd
X 7(7a)mwme w
(55)
By equations (51), (34) and (53),
Wor) ) = AT g
¥ A 27Tam it
‘ ‘ m n-—1
ala
+ ZZ m+2'rcmdk ( )k+o’+1)
r=1 k=1
jRto-m —(k+o0-m)
x ez I'(k+o—m)ar)
+ On(a), (56)
where
6 ( ) o %F( )eiawr —ewg
"afei%io ) g @
00 e—tawr
li F(—w)————e ““d
+ ot o (=) (fa)mwme @
00 elawr B e*i:awr
= F, d F,(—w)————d
| Pt [ RS

a W
/ Fu(w) (;mu:m dw>. (57)

By the help of above mentioned steps and the proof of the Theorem
(3T, this result has been proved.

6. CONCLUSION

(i) Estimates for the asymptotic expansion of generalized
Mexican hat wavelet and m‘” order cardinal B—spline have
been obtained.

(i1)) The result of Pathak and Pathak ([3]] Theorem(4)) is a particu-

lar case of Theorem(4.1) in this paper if o = %

(iii) If m = 2, then estimate for the asymptotic expansion of 27¢
order cardinal B—spline satisfies

(;n(a) =0 \/Frsl)(w)efif'alww'mldw 7

where n is the smallest positive integer such that o + n > [.
This estimate may be developed independently as similar to
Theorem 51| taking m=2.
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(iv) For m = 1, m*" order B—spline reduced to

_JL =zel01)
Ni(z) = { 0, otherwise,

This is the first order B—spline.

=1

N (t) is a scaling function. Itis not a wavelet The Theorem-
is not applicable. Thus, the estimate for m*" order B—spline
has been obtained for m > 2.
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