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ABSTRACT

This paper contains some definitions and results of anti L-
fuzzy M-cosets of a M-group and generalized characteristic
anti  L-fuzzy M-subgroup of a M-group. Using
homomorphism and anti-homomorphism in anti L-fuzzy
M-cosets of a M-group is studied. Some properties of anti
L-fuzzy M-cosets of a M-group are also established.
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INTRODUCTION

The notion of fuzzy sets was introduced by L.A. Zadeh
[10]. Fuzzy set theory has been developed in many
directions by many researchers and has evoked great
interest among mathematicians working in different fields
of mathematics, such as topological spaces, functional
analysis, loop, group, ring, near ring, vector spaces,
automation. In 1971, Rosenfield [1] introduced the concept
of fuzzy subgroup. Motivated by this, many
mathematicians started to review various concepts and
theorems of abstract algebra in the broader frame work of
fuzzy settings. In [2], Biswas introduced the concept of
anti- fuzzy subgroups of groups. Palaniappan. N and
Muthuraj, [6] defined the homomorphism, anti-
homomorphism of a fuzzy and an anti-fuzzy subgroups. In
this paper we define a new algebraic structure of anti L-
fuzzy M-cosets of a M-group and study some their related
properties.

1. PRELIMINARIES

1.1 Definition: Let X be a non-empty set and L = (L, <) be
a lattice with least element O and greatest element 1. A L-
fuzzy subset A of X isa function A: X — L.

1.2 Definition: Let G be a M-group. A L-fuzzy subset A of
G is said to be anti L-fuzzy M-subgroup (ALFMSG) of G
if its satisfies the following axioms:

() pa(mxy )< palx) v paly),

(i) pa(x™H<pa(x), forallx &yinG.
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1.3 Definition: Let A and B be two anti L-fuzzy M-
subgroups of a M-group G. Then A and B are said to be
conjugate anti L-fuzzy M-subgroups of G if for some g
in G, ua(x) = us( gxg), forevery x in G.

1.4 Definition: Let A be an anti L-fuzzy M-subgroup of a
M-group G. For any ae"G, aA defined by (apa)(x) = pa(
a’x), for every x in G is called an anti L-fuzzy M-coset of
the M-group G.

1.5 Definition: Let A be an anti L-fuzzy M-subgroup of a
M-group G and H = {xeG /ua(x) =
ua(e) }, then O(A), order of A is defined as O(A) = O(H).

1.6 Definition: Let A be an anti L-fuzzy M-subgroup of a
M-group G. Then for any a, beG, an anti L- fuzzy M-
middle coset aAb of G is defined by (apab)(x) = pa(ax b°
1y, for every xeG.

1.7 Definition: Let A be an anti L-fuzzy M-subgroup of a
M-group G and aeG. Then the pseudo anti L-fuzzy M-
coset (aA)® is defined by ((aua)’)(X) = p@)ua(x) , for
every xeG and for some peP.

1.8 Definition: Let A be a L-fuzzy subset of X. For tel,
the lower level subset of A is the set, A= { X € X : pa(X) <
t}.This is called a L-fuzzy lower level subset of A.

1.9 Definition : Let G be a M-group. An anti L-fuzzy M-
subgroup A of G is said to be anti L-fuzzy normal M-
subgroup (ALFNMSG) of G if pa(xy) = pa(yx), for all x
andyin G.

1.10 Definition: Let (G, .) and (G', .) be two M-groups. A
map f: G — G'is called M-group isomorphism if the
following conditions are satisfied:

(i) fisa bijection,

(i) f(xy)=f(x)f(y) for all xand y in G.

1.11 Definition: Let (G, .) and (G', .) be two M-groups. A
map f: G — G'is called a M-group anti-isomorphism if
the following conditions are satisfied:

(i) fis a bijection,

(ii) f(xy)=F(y)f(x) for all x and y in G.

1.12 Definition: An anti L-fuzzy M-subgroup A of a M-
group G is called a generalized characteristic anti L-



fuzzy M-subgroup (GCALFMSGQ) if for all x and y in G,
O(x) = O(y) implies pa(x) = pa(y).

2 PROPERTIES OF ANTI L-FUZZY M-

COSETS

2.1 Theorem: Let A be an anti L-fuzzy M-subgroup of a
finite M-group G, then O(A) /
O(G).

Proof: Let A be an anti L-fuzzy M-subgroup of a finite M-
group G with e as its identity element.

Clearly H ={xeG / ua(x) = pa(e) } is a M-subgroup of the
M-group G for H is a lower t-level subset of a M-group G
where t = pa(e).

By Lagranges theorem, O(H) / O(G).

Hence by the definition of the order of the anti L-fuzzy M-
subgroup of the M-group G, we have
O(A) / O(G).

2.2 Theorem: Let A and B be two L-fuzzy subsets of a M-
abelian group G. Then A and B are conjugate L-fuzzy
subsets of the M-group G if and only if A = B.

Proof: Let A and B be conjugate L-fuzzy subsets of M-
group G, then for some yeG, we have, pua(x) = us( y*xy ),
for every xeG

= up(yy'x),

since G is a M-abelian group

= pg( ex) = ug(X).
Therefore, pa(X) = pg(Xx).
Hence A =B.
Conversely, if A = B, then for the identity element ‘e’ of
M-group G
we have, pa(x) = ug(e'xe), for every xeG.
Hence A and B are conjugate L-fuzzy subsets of the M-
group G.

2.3 Theorem: If A and B are conjugate L-fuzzy M-
subgroups of the M-group G, then O(A) = O(B).

Proof: Let A and B be conjugate L-fuzzy M-subgroups of
the M-group G.
Now, O(A)= order of{xeG / pa(x) = na(e) }
= order of { xeG / ug(yxy)
=us(y'ey)}
= order of{xe G / ug(x) = ug(e) }
= 0(B).
Hence O(A) = O(B).
2.4 Theorem: Let A be an anti L-fuzzy M-subgroup of a
M-group G, then the pseudo anti L-fuzzy M-coset (aA)P is
an anti L-fuzzy M-subgroup of a M-group G, for every
aeG.
Proof: Let A be an anti L-fuzzy M-subgroup of a M-group
G.
For every xand y in G, we have,
((aua)®)(mxy™) = p(@ua(mxy™)
<p@) { ral) v na(y)}
=p@uaX¥) v p@ua(Y)}
=((ana)") ) v( (aua)”)(y)-
Therefore, ( (aua)®)(Mxy™) < ((aua)®)(X) v ( (aua)*)(y).
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Hence (aA)® is an anti L-fuzzy M-subgroup of a M-group
G.

2.5 Theorem: If A is an anti L-fuzzy M-subgroup of a M-
group G, then for any aeG, the anti L-fuzzy M-middle
coset aAa of G is also an anti L-fuzzy M-subgroup of G.

Proof: Let A be an anti L-fuzzy M-subgroup of a M-group
Gand aeG.
To prove aAa™ = ( x, auaa’, avaa™l) is an anti L-fuzzy M-
subgroup of a M-group G .
Letx and y in G. Then,
(apaa™)(mxy™) = pa( ma'xyta),
by the definition
= pa( ma'xaalyla)
= pa( ma*xa)(a'ya) ")
<pa(@'xa)vpa((a'ya) )
<ua(a'xa) v pa(a'ya),
since A is an ALFMSG of G
=(apaa™)(X)v(apaa™) (¥).
Therefore, (apaa®)(mxy™) < (apaa®)(X) v (apsa™)(y).
Hence aAa™ is an anti L-fuzzy M-subgroup of a M-group
G.
2.6 Theorem: Let A be an anti L-fuzzy M-subgroup of a
M-group G and aAa™ be an anti L-fuzzy M-middle coset of
G, then O(aAa™) = O(A), for any a<G.

Proof: Let A be an anti L-fuzzy M-subgroup of a M-group
Gand aeG.

By Theorem 2.5, the anti L-fuzzy M-middle coset aAa™ is
an anti L-fuzzy M-subgroup of G.
Further by the definition of an anti L-fuzzy M-middle coset
of a M-group G, we have,

(apaat)(x) = pa(a'xa), forevery xinG.

Hence for any acG, A and aAa™ are conjugate anti L-fuzzy
M-subgroups of a M-group G as there
exists aeG such that (apaat )(x) = pal a*xa ) , for
every XeG.

By Theorem 2.3, O( aAa™) = O(A), for any acG.

2.7 Theorem: Let A be an anti L-fuzzy M-subgroup of a
M-group G and B be a L-fuzzy subset of a M-group G. If A
and B are conjugate L-fuzzy subsets of the M-group G,
then B is an anti L-fuzzy M-subgroup of a M-group G.

Proof: Let A be an anti L-fuzzy M-subgroup of a M-group
G and B be a L-fuzzy subset of a M-group G. And, let A
and B be conjugate L-fuzzy subsets of the M-group G.
To prove B is an anti L-fuzzy M-subgroup of the M-group
G.
Letxand yin G and min M. Then mxy'eG.
Now, pg(mxy?)=pa( mgixyg), for some geG

= pa(mgxggyg)

= ua( (mg™xg) (g'yg) ™)

< pa@7x9) v ua((@yg) )

<ua(g7'xg) v ua(gyg),

since A is an ALFMSG of G

< ug(X) v pg(y), since A and B are
conjugate L-fuzzy subsets of the ~ M-group G.

Therefore, pg(mxy™) < pg(x) v us(y).



Hence B is an anti L-fuzzy M-subgroup of the M-group G.

2.8 Theorem: Let A be an anti L-fuzzy M-subgroup of a
M-group G .Then aA; = (aA),, foreveryaeG andt e L.

Proof: Let A be an anti L-fuzzy M-subgroup of a M-group
G and let xeG.
Now, Xxe(aA); < (apa)(X) <t
o ua@lx) <t
salx e
& X eaA,
Therefore, aA; = (aA),, for every xeG.

2.9 Theorem: Let A be an anti L-fuzzy M-subgroup of a
M-group G. Then xA = yA, for x and y in G if and only if

HA(XY ) = pa(Y'X) = pa(e).

Proof: Let A be an anti L-fuzzy M-subgroup of a M-group
G.
Let xA=yA, forxandyinG.
Then, Xpa(X) = yra(x) and Xpa(y) = yra(y),
which implies that, pa(x*x) = pa(yx) and  pa(xly) =
ua(y'y) -
Hence pa(e) = ua(y™ ) and pa(xy) = ua(e)
Therefore, pa(Xy) = pa(y™'X) = pa(e).
Conversely, let pa(xty) = pa(y™x) = pa(e) , for x and y in
G.
For every g in G and we have,
Xua(9) = na(x'g)
= ua(x'yy'g)
<ua(X'y) v ua(y'g)
<pa®) v pa(y'g)

=ua(y'9)
= yua(9).
Therefore, Xua(Q) < ypa(g) -------------- (D).
And,  ypa(@) = pa(y'g)
= pay'xx'g)

<pa(Y'X) v pa(x*g)
< pa(@) v pa(X'g)
=pua(x'g)
= Xpa(9) -
Therefore, ypa(g) < Xpa(g) ---------=-- @).
From (1) and (2) we get,

XUA(Q) = YWa(g) -—----mrrmmvr- ®).
we get, XA =Ya.

2.10 Theorem: Let A be an anti L-fuzzy M-subgroup of a
M-group G and XA = yA, for x and y in G. Then pa(x) =

HA(Y)-

Proof: Let A be an anti L-fuzzy M-subgroup of a M-group
G and XA =yA, forxandyinG.
Now, Ha(X) = Ha Yy 'x)

< pa®y) v ua(y*x)

= pa(y) v ua(e), by Theorem

2.9
= pa(y).

Therefore, pa(X) < pa(y) -------=-=-=--=- ).

And, HA(Y) = na( xxly)

< pa(®) v pa(xy)
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= pa(X) v ua(e),
by Theorem 2.9
= pa(X).
Therefore, pa(y) < pa(X) ===--=-mms-mm-m ).
From (1) and (2) we get, pa(x) = pa(y).

2.11 Theorem: Let A be an anti L-fuzzy M-subgroup of a
M-group G and xA; = YA, forxand yeG
—A;, teL. Then pa(X) = paly).

Proof: Let A be an anti L-fuzzy M-subgroup of a M-group
G and xA; = yA,, for x and ye G —-A,, teL.
Buty™x and x'yeA.
Now,  pa(X) = pa(yy™'x)
< pay) v Ha(y'x)

= pa(y)-
Therefore, pa(X) < pa(y) --=--==-=-=--=- 1).
And,  pa(y) = ua(xxy)

< pua(¥) v a(Xy)

= pa(x).
Therefore,  pa(y) < pa(X) —==--==-==-=-- @).
From (1) and (2) we get, pa(X) = pa(y).

2.12 Theorem: If A is an anti L-fuzzy normal M-subgroup
of a M-group G, thenthe set G/ A = { xA : xeG } is a M-
group with the operation (xA)(YA) = (xy)A.

Proof: Let x and yeG, xA and yA eG/ A.
Clearly, y'eG.
Therefore, y'A G/ A.
Now, (xA)(y?A) = (xy1)A eG/A.

Hence G/ A is a M-group.
2.13 Theorem: Let f: G — H be a homomorphism of M-
groups and let B be an anti L-fuzzy
normal M-subgroup of Hand A =f(B). Thenp : G/ A —
H / B such that ¢( xA ) = f(x)B, for every xeG, is an
isomorphism of M-group.

Proof: Clearly o is onto.
LetxAand yA eG/A.
Now , o(xA) = o(yA),
which implies that, f(x)B = f(y)B,
By Theorem 2.9,
us( FOX)(y) ) = us( f(y ) (x) ) = us( f(€) ),
which implies that
us( FXHF(Y) ) = s FY () ) = us( f(€) ),
which implies that
us( f(xty) ) = pe( f(y™%) ) = us( f(e) ), since f is a
homomorphism.
Using Theorem 2.9, we get, XA = yA.
Hence ¢ is one-one .
Now , o( (XA)(YA) ) = o( (xy)A))
=f(xy)B
= (f()f(y) )B,
since f is a homomorphism
=(fx)B) (f(y)B)
= ¢ (XA) (YA).
Therefore, o( (XA)(YA) ) = ¢ (XA) o(YA).
Hence ¢ is an isomorphism.
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2.14 Theorem: Let f: G — H be an anti-homomorphism of
M-groups and let B be an anti L-fuzzy
normal M-subgroup of Hand A= }(B). Then¢: G/ A —
H / B such that ¢( xa ) = f(x)B, for every xeG, is an anti-
isomorphism of M-group.

Proof: Clearly ¢ is onto. Let XA and yA €G/ A.
Now , ¢(XA) = o(yA),
which implies that f(x)B = f(y)B,
By Theorem 2.9
ue( FO)™(y) ) = ua( f(y )*f(x) ) = ua( f(€) ),
which implies that
us( FOCH(Y) ) = ua( Y Hf(x) ) = ue( f(€) ),
which implies that
ue( F(yx™)) = ue( f(xy™) ) = ua( f(€) ),
since f is an anti-homomorphism.
Using Theorem 2.9, we get, XA =yA.
Hence o is one-one.
Now, o( (XA)(YA)) = o( (xy)A))
=f(xy)B
= ( f(yf(x) )B, since f is an anti-

= (f(y)B)(f(x)B)

= o(yA) o( xA).
Therefore,  o( (XA)(YA) ) = o(YA) o(xa).
Hence ¢ is an anti-isomorphism.

homomorphism

In _the following proposition - is the composition
operation of functions :

2.15 Theorem: Let A be an anti L-fuzzy M-subgroup of a
M-group H and f is an isomorphism from a M-group G
onto H. Then we have the following:

(i) If A is a generalized characteristic anti L-fuzzy
M-subgroup (GCALFMSG) of H, then A°f is a
generalized characteristic anti L-fuzzy M-
subgroup of G.

(i) If A is a generalized characteristic anti L-fuzzy
M-subgroup (GCALFMSG) and f is an
automorphism on G, then Aof = A.

Proof: Let A be a generalized characteristic anti L-fuzzy
M-subgroup (GCFALMSG) of H.
We know that,”Let A be an anti L-fuzzy M-subgroup of a
M-group H and f is an isomorphism from a M-group G
onto H. Then A-f is an anti L-fuzzy M-subgroup of a M-
group G.”
Hence A-f is an anti L-fuzzy M-subgroup of G.
Let x and ye G and O(x) = O(y).
Then we have, (pacf) (X) = pa( f(x) )

= pa(fy)),

as O(f(x) ) = O(f(y))

= ( paef )y), as f is an
isomorphism,
which implies that (paef )(X) = ( puacf )(y).
Therefore, A°f is a generalized characteristic anti L-fuzzy
M-subgroup of G.
Thus (i) is proved.

(ii)Clear.
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2.16 Theorem: Let A be an anti L-fuzzy M-subgroup of a
M-group H and f is an anti-isomorphism from a M-group G
onto H. Then we have the following:

Q) If A is a generalized characteristic anti L-fuzzy
M-subgroup (GCALFMSG) of H, then A°f is a
generalized characteristic anti L-fuzzy M-
subgroup of G.

(i) If A is a generalized characteristic anti L-fuzzy
M-subgroup (GCALFMSG) and f is an anti-
automorphism on G, then Aef = A.

Proof: Let A be a generalized characteristic anti L-fuzzy
M-subgroup (GCALFMSG) of H.

We know that, “Let A be an anti L-fuzzy M-subgroup of a
M-group H and fis an anti-
isomorphism from a M-group G onto H. Then Acf is an anti
L-fuzzy M-subgroup of a M-group G.”

Hence A-f is an anti L-fuzzy M-subgroup of G.

Let x and ye G and O(x) = O(y).

Then we have, (paof)(X) = pa( f(x))

= ua(f(y) ), as O(f(x)) = O(f(y))
= (pa ),
as f is an anti-isomorphism,
which implies that ( pa°f )(X) = (pacf )(y).
Therefore, A-f is a generalized characteristic anti L-fuzzy
M-subgroup of G.
Thus (i) is proved.
(ii))Clear.
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