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ABSTRACT

Molodtsov introduced the concept of soft set theory which can
be used as generic mathematical tool for dealing with
uncertainty. In this paper, we discuss fuzzy soft sets algebraic
structure and give the definition of fuzzy soft group. We
define operations on fuzzy soft groups and prove some results
on them. Furthermore, definitions of fuzzy soft function and
fuzzy soft homomorphism are defined and the theorems on
homomorphic image and homomorphic pre image are given.
After that, the definition of normal fuzzy soft group is given

and some of its basic properties are studied.
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1. INTRODUCTION

Researchers in economics, engineering, environmental
science, sociology, medical science and many other fields deal
daily with the complexities of modeling uncertain data.
Classical methods are not always successful, because the
uncertainties appearing in these domains may be of various
types. While Probability theory, fuzzy sets [15], rough sets
[12], and other mathematical tools are well-known and often
useful approaches to describing uncertainty, each of these
theories has its inherent difficulties as pointed out by
Molodtsov [7]. Consequently, Molodtsov [7] proposed a
completely new approach for modeling vagueness and
uncertainly. This is so-called soft theory is free from the
difficulties affecting existing methods. In soft set theory the
problem of setting the membership function, among other
related problems, simply does not arise. This makes the
theory very convenient and easy to apply in practice soft set
theory has potential applications in many different fields,
including the smoothness of functions, game theory,
operations research, Riemann integration, Person integration,

Probability theory and Measurement theory. Most of these

applications have already demonstrated in Molodtsov’s book
[7]. At present, work on the soft set theory is progressing
rapidly. Maji et al [8] describe the application of soft set
theory to a decision making problem using rough sets. The
same authors have also published a detailed theoretical study
on soft sets. The algebraic structure of set theories dealing
with uncertainties has also been studied by some authors.
Rosenfeld [14] proposed the concept of fuzzy groups in order
to establish the algebraic structures of fuzzy sets. Rough
groups were defined by Biswas et al [4], and some other
author (e.g.,[2] and [8]) have studied the algebraic properties
of Rough sets as well. The main purpose of this paper is to
introduce a basic version of soft group theory, which extends
the notion of a group to include the algebraic structures of soft
sets. Our definition of soft groups is similar to the definition
of rough groups, but is constructed using different methods.
This paper begins by introducing the basic concepts of fuzzy
soft set theory then we discuss a basic version of fuzzy soft
group theory, which extends the notion of a group to the
algebraic structures of fuzzy soft sets. A fuzzy soft group,
on the other hand, is a parameterized family of fuzzy

subgroups.

2. PRELIMINARIES
Definition 2.1: A pair (f,A) is called a soft set over X, if

f:A:— P(X). Here let ‘X’ be the initial Universe and E be the
set of parameters. Let P(X) denotes the power set X. To
illustrate this idea, Molodtsov considered several examples in

[7]. Let I* denote the set of all fuzzy sets on X.

Definition 2.2: A pair (f,A) is called a soft set over X, where
f:A:— I” (i) for each a € A, fla) = f, : X — 1is a fuzzy

set in X.

Definition 2.3: Let ‘X’ be group and (f, A) be a soft set
over X, then (f, A) is said to be a soft group over X iff f(a) <

x, V a e A. Union of two fuzzy soft sets (f, A) and (g, B) over
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a common Universe X is the fuzzy soft set (h, C) where C = A
U B. We write (f, A) U (g, B) = (h, C).
Intersection of two fuzzy soft sets (f, A) and (g, B) over a
common Universe X is the fuzzy soft set (h, C), where
C=AnB. We write (f, A) n (g, B) = (h, C). Product of two
fuzzy soft sets (f, A) and (g, B) denoted (f, A) N (g, B) is

defined as (h, AXB) where h(a, b) = f(a) n g(b).

Definition 2.4: Let ‘X’ be a group and (f, A) be a fuzzy soft
set over X, then (f, A) is said to be fuzzy soft group if ;

) fu(xy) = min {f,(x), f(y)}
(i1) f,(x) > f(x)
(iii) f(x) =1VacA xyeX.

Definiition 2.5: Let ‘f,” be a fuzzy soft set in X.

Let ¢ : X — Y be a map and define £4: X — [0, 1] by

£2(x) = £(0(0), Vx & X.

Definition 2.6: Let (f,A) be a fuzzy soft groups over X and A
€ [0, 1] then

6)] (f, A) is said to be A-identity fuzzy soft group
over X if fy(x) = A if x=e V xeX
= 0 otherwise
(ii) (f, A) is said to be A-absolute fuzzy soft group

over X if f(x) = A V xeX, agA.
Definition 2.7: Let (f,A) be a fuzzy soft set over X. The soft
set (£A), = { (f)q : ag¢ A} for each a € [0, 1] is called an a -

level soft set.

Definition 2.8: Let ‘X’ be a group and f ,T fa is

a 2a, ottt

n-fuzzy soft subgroups of X, X3,... Xp, define a map

f,oxf, 2t ¥+ X, X.X) — [0, 1] by
(fal ;gfa2 Z---fa“ 7) (X1,X2,. . .Xp) = min
(f, x)f, (x,)...f, (X,)} (this is called generalized
product of fuzzy soft groups).

Definition 2.9: Fuzzy Soft group

Let ‘X’ be a group and (f, A) be a fuzzy soft set
over X. Then (f, A) is said to be fuzzy soft group if
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) fi(xy) = min {f,(x), f(y)}
(ii) f,(x") = f,(x)
(iii) fx) =1VaegA xyeX.

Throughout this chapter, fuzzy soft set (f,A) is Re called as f;.

3. PROPERTIES OF FUZZY SOFT

GROUPS
Proposition 3.1: Let f, be a fuzzy soft group of G then f,(x)

<fy(e) V x € G. The subset Gp, = {xeG/f(x) =
f(e)} is fuzzy soft group of G.

Proof: Let ‘x” be any element of G, then f,(xy) = min
{00, fu(y)}= min {£,(0), fu(x )}
(1). To verify (ii), it follows that x € Gy, and Gg, # ¢.

< f(xx") = f,(e) implies

Now let x,y € Gf,.

f(xy") 2 min {f,x), fi(y'")}= min {f,(), f.(y)} =
min { fy(e), fi(e)} = fu(e)

but from (i) f(xy™") < f,(e) for all x, ye G and so fy(xy") =
f,(e) which then xy™ € Gy, is fuzzy soft group of G.

Corollary 3.2: Let ‘G’ be a finite group and f, be a

fuzzy soft group of G. Consider the subset H of G given by H
= {x e G/ fy(x) =f,(e)}, then H is a Crisp subgroup of G.

Proposition 3.3: Let f, and f; be two fuzzy soft groups of G,
then f,Nf; is fuzzy soft group of G.

Proof:  LetxyeG.
(FSG1) (f,nfy) (xy) = min { f(xy), fu(xy)}
>min { min {f,(x), f,(y)}, min(fy(x), f(y)}
=min {min{ f,(x), f,(x)}, min { f,y), fi(y)}
=min { (Nfp)(x), ()Y}

=min { f,(x"), fi(x")}

=min { £,(x), f(x)}

= (f.nfy) ()

Proposition 3.4: If ‘f;’ is fuzzy soft group, then the set U(f; ;

t) is fuzzy soft group V t e Im(f}).

Proof: Let t € Im(A) < [0,1], x,y € U(f,;t), then

fx) > t, fi(y) > t. since f, is fuzzy soft group of G.
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f(xy) = min {fy(x), f(y)} >t implies xy € U(f;t). Letx e
U (f,; t) implies  f,(x") = f,(x) > t which gives x”' & U(f,;t).

Thus U(f;;t) is fuzzy soft group of G.

Proposition 3.5:  If ‘f;” is fuzzy soft group such that all non-
empty level subset U(f,;t) is fuzzy soft group of G, then ‘f;” is

fuzzy soft group of G.

Proof: Assume that the non-empty level set U(fy;t) is

fuzzy soft group of G. If to = min {f,(x), f,(y)} and

for x, y € G, then x, y € U(f;t) so fy(xy) > ty = min{fy(x),
f,(y)} which implies that the condition (FSG1) is valid.  For

x! & G, then x e U(fyty) thus f(x") =ty = f,(x) which

gives the condition (FSG2) is valid and therefore ‘f,’ is fuzzy
soft group of G.

Proposition 3.6: A set of necessary and sufficient condition

for a fuzzy soft set of a group G to be a fuzzy soft group of G
is that f,(xy) > min {f,(x), fy(y)} VX, yin G.

Proof: Let ‘f;” be a fuzzy soft group of G, then
fu(xy™) = min {£,(x), fu(y)}

=min {f(x), fy(y)}forx, y € G.
For the Converse part,

Suppose that ‘f,” be fuzzy soft set of the group G of

which e is the identity element.
Now f(yy ™) = min {f(y), fu(y)} or
fa(e) = £(y).
Now f,(ey”) > min {f(e), £,(y)} or
£y 2 fi(v0)
also,
fu(xy)zmin {f,(x), fu(y)}2min{fu(x), fu(y)}.

Proposition 3.7: Let G and G' be two groups and 6 : G —

G' be a soft homomorphism. If £y is fuzzy soft group of

G then the pre-image 0°'(f,) is fuzzy soft group of G.
Proof: Assume that f, is fuzzy soft group of G'.

Letx,yeG.
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(FSGD) [y () (XY) = M, (80(xy)

- iy, (069.0(y)
>min { Ky (8(x), He, (CIe%);
—min { 1, ', (). Wy ', ()

(FSG2) 1, 1, (") STRCE)

=M, (07 = [y (0%)

= Hgilfb (%)

07'(,) is fuzzy soft group of G.

Proposition 3.8: Let 0: G — G' be an epimorphism and f;,

be fuzzy soft set in G'. If 67'(fy) is fuzzy soft group of

G, f, is fuzzy soft group of G'.

Proof: Letx,ye G, then there exists a, b ¢ G such that
0(a) =x, 6(b) =y.

It follows that,
(FSG1) [y, (xy) = Ly, (8(2)0(b)
= s, (B(ab)
= Hailfb (ab)
>min { ', @, ' )}
>min { [ (6(a), Ky, (0(b)}
zmin{ [, (), Ry, ()}

(FSG2) g, (<) =p (OG™) = Ky OG@") = Wy 1, (@)

Definition 2.10: Let f, be a fuzzy soft set in G. Let 6: G —
G be a map and define £.0 =G — [0, 1] by £.°x) =

fA (0(x)).
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Proposition 3.9: If ‘f;’ is fuzzy soft group of Gand 0 : G
— G' be a soft homomorphism of G, then the fuzzy soft set
£9={x, £%x)/ x € G} is fuzzy soft group of G.

Proof:  Letx,yeG, then
(FSG1) £(xy) =1 (O(xy)
= 1,(6(x).0(y))
= min { f,(6(x), £,(6(y)}
=min { £°(x), £,(y)}
(FSG2) f,(x) = £, (0(x")
=07 (x)
=)
Thus £,° is fuzzy soft group of G.

Proposition 3.10:  If *f,” is fuzzy soft group of G. Let f," be
a fuzzy soft set in G defined by f,"(x) = f(x) + | —fy(e) V x &

G, then f," is normal fuzzy soft group of G which contains f,.
Proof: For any x, y € G, it follows that

£'x) =fx)+1-fe)=1.
(FSG1) f,"(xy) =f(xy) + 1 - fy(e)
Zmin { f(x), f(y)} + 1 - fi(e)

=min { f,(x) + 1 - fi(e), fu(y) +1 - fu(e)}

= min {f,"(x) £, (y)}
(FSGD £ (x)  =f(x)+1-f(e)

=f,(x) + 1 - fy(e)

=£,'(%)

Hence f,"(x) is normal fuzzy soft group of G. Clearly f,c f,".
Proposition 3.11: If {fa‘ }ie fa is @ family of fuzzy soft

groups of G, then mfa is fuzzy soft group G whose

nf, = {x Af, x)/xeG}, whereief,.

Proof: Let x, y € G, then for i € f,, it follows that
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(FSG1) ~f, ()= A f, (xy)
> A min { fa‘ (%), fa‘ W}
=min { (A f, (), (A f, )

=min { (" £, ). (0T, ¥}
(FSG2) Let x ¢ G. Fori e f,, it gives that

A fali xhH=A fai ™"

>A fai (x)
=(nf, )

Hence (N fa, ) is fuzzy soft group of G.

Proposition 3.12: If “f;’ is fuzzy soft group of G, then f,° is
fuzzy soft group of G.

Proof: Letx,yeG.
(FSG1) f(xy) = 1-f(xy)
< 1- min {f,(x), fi(y)}
=max {1-f,(x), 1-f(y)}
= max { £,°(x), £(y)}
(FSG2) £i(x")=1-f,(x")
=1-f,(x) = £,°(%)

(FSG3) £%e) =1-f(e)=1-1=0

Proposition 3.13: Let f, and f;, be two fuzzy soft groups of G
then f, U f, is fuzzy soft group of G.

Proof:  Letx,yeG.

(FSG1) (f, U fy)(xy) = max {f,(xy), fu(xy)}
2 max {min{ f,(x), f,(y)}, min{fy(x), f(y)}
2 min {max{fy(x), f(y)}, max{fy(x), f(y)}

2min {max{f,(x), fy(x)}, max{fy(y), f(y)}
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> min { (f, W f)(x), (f, © f)(y)}

(FSG1) (f, U fp)(x " )=max{f, (), i(x )}
=max { f, (x), f(x)}
= (f, v f)(x)

(FSG3) (f, v fy)(e) = max{ f,(e), fi(e)}
=max {1, 1}
=1

Proposition 3.14:  Let f, and f, be two fuzzy soft groups of
G, then f, x fj is fuzzy soft group of G.

Proof: Letx,yeG.

(FSGI1) (f, x fy) (xy) = min {£,(xy), fy(xy)}
> min {min{f,(x),f,(y)}, min{f,(x), ()} }
> min{min {f,(x), f,(x)}, min(f,(y), fy(y)}}
= min { (£ ) (), (£, % f) (1)}

(FSG2) (f, x ) (x)= min{ f(x), fy(x™)}
= min { £,(x), f,(x)}

= (£ fy) (x)

(FSG3) (£, fi) () = min { f,(¢), fi(e)}

=min { 1, 1}

Proposition 3.15:  Let ‘f;” be a fuzzy soft group over X, (¢,
%) be a fuzzy soft homomorphism from X to Y, then (¢,y) f, is

a fuzzy soft group over Y.

Proof: Letkey,andy, y,eY. If¢(y))=0, ¢'(y2) =0
the proof'is straight forward.

Let us assume that there exist x;, X, € X such that
O(x1) = y1, 6(x2) = ya.
o(f) (yiy2) =

V v O
(Qo(f):}’l}’zil)(l(a):k) a
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=V f (xlaxzil)
r@-k) &

>
v min{f (x).f_(x,)}
(z @ =k) a a

This is equality is satisfied for each
X1, X5 € X, which satisfy ¢(x;) =y,

0(x3) =y,. We have,
o(f) (yry2)

-min{\/ v £, v v (2]
(0(6)=y1) (x(@)k) (@(B)=y2) (x(a)k)

=min { ¢(H (y1)- d(Du(y2)}

Proposition 3.16: Let g, be a fuzzy soft group over Y and (¢,
%) be a fuzzy soft homomorphism from X to Y, then (¢,%)" g
is a fuzzy soft group over X.

Proof: Letasx"band X1, X &€ X,
0@ ix) = g axix)
=g @ 1 9x1)-9(x2)}

>min { g @ (0(X))) . g @ (X))}

=min { ¢ () (x1), 0" (@)a(x2)}

Proposition 3.17: Let ‘f,” be a fuzzy soft set over X, then
f,” is a fuzzy soft group over X iff V a ¢ A and for arbitrary a
¢ [0, 1] with (fa), #0, the a- level soft set (f,), is a fuzzy soft
group over X.

Proof: Let ‘f,” be a fuzzy soft group over X, then for each
ag A, f,is a fuzzy subgroup of X. For arbitrary a ¢ [0, 1]
with (fa), #0.

Let x, y € (f,), then f(x) > o and f(y) > a.
~(FSG1) 4(xy) = min {fy(x), fu(y)}

>min {a, o} =a.
Hence xy ¢ (f;) o.

Furthermore,
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(FSG2) f,(x))>f,(x) > a, then x" £ (f,) ,.

We obtain that (f,) , is a subgroup of X, V a € A,
there exists a € A such that f, is not a fuzzy sub group of X,

then there exist Xo, yo € X such that, fa(xoyo‘l) < min{fy(xo),
fyo )}

Let fy(xqyo™") =, fi(xo) = B and f,(yo) = 3.

We have, A<min{ 3, 8}.

_ A+ min{ B, 6}
B 2

Leta , A<a <min{ B, 8}.

Now we have, f(xoyo') = o < a. Hence Xo, o'
& (f)),- Butsince p >min{ f, 8} and & > min{ 8, 3} > a. We
obtain f,(xo) > o and f(yo) > a. (i.e) Xo, yo € (f)o. This
contradicts with the fact that () , is fuzzy soft group over X.

Definition 2.11: Let ¢ : X — Y and y : A — B be two
functions, where A and B are parameter sets for the crisp sets
X and Y respectively, then the pair (¢,)) is called a fuzzy soft
function from X to Y.

Proposition 3.18: If f ,f

a;2ta, o

., T be fuzzy soft groups
a y g
of the groups 1y, %, . Y. respectively, then

faI )(faz ya .fa" JX is fuzzy soft groups of y; Xy, % ... XY,

Proof: For all elements (XiX,.....Xp), (Y1Y2----¥Yn) € X1 X %2

X e Xy

(FSG1) (fal Zfaz Z~-~fa" X ) (XiXp....Xp), (Y1 Y2-ee-Yn)
:(fa1 Zfaz Z"‘fan l)(xl Y1, X2 Y2, Xy Yn)

>min { £, (x1,).f,, (,0,),... 1, (x,,)}

>min {min{

£, G, 00 i min{fx) £, 05)}.. min {fx)f, (,)}

>min{min{

£, CDE, (0)-- £, Cc) 3 minif(1)if, (05).. £, ()}
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> min { ((X1%a.....Xp),

«f, xt, 2t 1)

(FSG2) (fal ;(faz ;(...fan X)) (XX X))
:(fal ;(faz ;(...fan ) (7 xyh
=min { f, (x,)f, (x27)...f, (x,”)}
>min { £, (x,)f,,(x,)...f, (x,)}

>(f, 2t 2. 2) xixex)

(FSG3) (fa1 ;(faz ;(...fa" 7)) (€ren. .. €)

=min { fal (el)faz (62). "fa" (en)}

=min {1,1,...... 1}

4. CONCLUSION

In this paper we studied the algebraic properties of fuzzy soft
sets in group structures. This work focused on fuzzy soft
groups, homomorphism of fuzzy soft groups and pre-image of
fuzzy soft groups. To extend this work one could study the
properties of fuzzy soft sets in other algebraic structures such

as rings, nor-rings, field and ideals.
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