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ABSTRACT

In this Paper, Q-Vague sets and Q-Vague normal subgroups
are studied. The study of Vague groups initiated by Ranjit
Biswas [2006] is continued and Q-Vague homologous groups
characterized as normal groups which admit a particular type
of Q-Vague groups with respect to (mini, max) norms.
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1. INTRODUCTION AND
PRELIMINARIES

The theory of fuzzy groups defined by Rosenfeld [1971] is the
first application of fuzzy theory in Algebra. Since then a
number of works has been done in the area of fuzzy algebra,
Gau.W.L. and Bueher. D.J. [1993] has initiated the study of
Vague sets as an improvement over the theory of fuzzy sets to
interpret and solve real life problems which are in general
Vague. Recently, Biswas [2006] defined the notion of Vague
groups analogous to the idea of Rosenfeld [1971]. The
notion of Q-fuzzy groups is defined by [2009]. The objective
of this paper is to contribute further to the study Q-Vague
groups and introducing concepts of Q-Vague normalizer, Q-
Vague centralizer and Q-Vague homologous group by
imposing fitness condition that can be removed. In this paper,
we characterized the Q-Vague normal groups and
homologous Q-Vague group which admit a particular type of

Q-fuzzy groups.

Definition 1.1: A Q-Vague set (or in-short QVS) in the
universe of discourse X is characterized by two membership
functions given by

1. atruth membership function
[0,1]

ta: X xQ >

2. afalse membership function fa: X x
Q - [0,1] such that ta (x,q) + fa(x,q) < 1, forall
xE XandqE Q.

Definition 1.2: The interval [ta (x,q), 1 - fa(x,q)] is called
the Q-Vague Value of X in A, and it is denoted by Va(X,q).

So VA (Xr q) = [tA (Xr q)r 1- fA (Xv q)]

Definition 1.3: A Q-Vague set ‘A’ of X with ta(X, q) =0 and
fa(x, g) =1 for all XX and q € Q is called Zero Q-Vague set
of X. A Q-Vague set ‘A’ of X with ta(x,q) =1 and fa(x,q) =0
for all X £ X and g £ Q is called Unit Q-Vague
set of X.

Definition 1.4: A Q-Vague set ‘A’ of a set ‘X’ with ta (X, q)
=aand fa (x, g) =(1- a) for all x £ X is called 0-Q-Vague set

of X where a < [0, 1].

Definition 1.5: Let Q and G be a set and group respectively.
A Q-Vague set ‘A’ of G is called a Q-Vague group of G if for

all x,y in G and q£Q.

(QVGL) Va(xy,q)= T{Va(x a), Valy, ) } and
(QVG2) Va(x*,q) =Va(x, q)
Thus ta(xy, @) = T {ta(x, ), ta(y, @) }
falxy, @) < S {fa(x, q), fa(y, 0) } and
ta(x™, 0) > ta(x, @), fa(x™", 0) < fa(x, 9).
Here the element xy stands for x « y.

Definition 1.6:  The o- cut A, of the Q-Vague set ‘A’ is the
(o, o) cut of A and hence given by A, ={x/ X E G, ta (X,

Q=al

Definition 1.7: Let ‘A’ be a Q-Vague group (QVG) of G.
Then ‘A’ is called Q-Vague normal subgroup (QVNG) is

Va(Xy, q) = Va(yx, g) forx. ¥ € G,q EQ.
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Definition 1.8: Let ‘A’ be a Q-Vague group of G. The set
N(A) ={a € G/ V(axa™, q)=Va(x, q)} for x € G is called Q-

Vague normalizer of A.

Definition 1.9: Let ‘A’ be a Q-Vague group of G. Then C(A)
={a=G/ Va([ax]y) = Va(e,q)} forall x £ G, g £ Q is called

Q-Vague Centralizer of A where [a, X]q= (@

tax, q).

2. CHARACTERIZATIONS OF Q-
VAGUE NORMAL GROUPS

The following theorem is first started.

Proposition 2.1: If ‘A’ is a Q-Vague normal group of a
K={xEG/Va(x,0)
=Va(e,q)} is a crisp normal subgroup of G.

group G, then

Proof: ‘A’ is a Q-Vague normal group of G.

Letx, y © Kand g = Q implies Va(X,q) =Va(e,q) and
VA(y|q) = VA(elq)'

Consider Va(xly,q) > T {Va(x,), Va(y,a) }
=T {Va(e.q), Vale,a) }
= Va(e,q) > Va(Xly,q)

implies VA(xy,q) = Va(e,q), and so x'y € H. Therefore ‘K’

is a crisp subgroup of G.

Letx € G, y € K. Consider Va(xyx™,q) = Va(y,q) = Va(e,q)

implies xyx™* € K implies that K is a crisp normal subgroup
of G.

Proposition 2.2: Let ‘A’ be a Q-Vague normal subgroup of
G. Then a-cut. A, is a crisp normal subgroup of G.

Proof: A, ={XEG/ta(X,q) >a}. Letx,y EA, implies
ta(x, @) > aand ta(y, q) = o
Consider ta(xy™,q) > Min { ta(x,0), ta(y,a) }

> Min{o,a} =0

implies ta(xyt,q) > o and so xy* € A,. Therefore A, is a
crisp subgroup of G.

Now, for all XEG, y EA,. Consider ta(xyx™.q) =ta(y,q) >a
implies xyx* € A,.

Proposition 2.3: If A and B are two Q-Vague normal groups
of G, then A N B is also Q-Vague normal subgroups of G.
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Proof: If A and B are two Vague groups of G, then AN B is
also Vague group of G. [Proposition 4.4[81).

Now, tang (xy.q) = T {ta(xy, q), ta(xy, a)}
= T{talyx, 0), ta(yx, 0)}
=t ane (YX, Q)

Also fang (xy,a) = S {fa(xy.q). fa(xy.q)}

S {falyx.q), fa(yx.a)}

fans (YX,0)

implies that V ang (Xy,9) =V ans (YX,q) thus ANB is a Q-
Vague normal subgroup in G.

Proposition 2.4: Let 'A' be a Q-Vague group of G and B be a
Q-vague normal group of G. Then (AN B) is
a Q-vague normal group of the group K = {x€ G/ V4 (x,9) =
Va(e.a)}-

Proof: Since 'A' is a Q-vague group of G then K = {xe G/
Va (X,9) = Va(e,q)} is a crisp subgroup of G. Also (A N B) is
a Q-vague group of G. Now we wish to show that (A N B) is
a Q-vague normal group of K. Letx, y € Kthen xy € K and
yx € K implies

Va(xy,q) = Va(e,q) and Va(yx,q) = Va(e, q) impliesVa(xy,q)
= Valyx,q).

Since 'B' is a Q-vague normal group of G, then Vg(xy,q) =
Ve(yx.0).

Consider t ang (xy, Q) =T talxy, ), ta(xy, 9)}
=T{ta(yx, a), ta(yx, 0)}
= tans (YX 0).
Also, fans (xy,a) = S{fa(xy.q), fa(xy,a)}

=S {falyx.0), fa(yx,a)}

= fane (yX,0).

Therefore V ang (Xy,q) = V ans (¥X,q) thus ANB is a Q-
Vague normal group of K.

Proposition 2.5: Let 'A' be a Q-vague group of G. Then 'A"is
Q-vague normal group of G if and only if Va([x y] ) >
Va(x, g) for all x,y in G, where [, yl, = (x*y"'xy, q).
Proof: Suppose 'A'is Q-vague normal group of G.
Forall x,y € G, Va([x.Y] o) = Va(X'y™xy, )

= Va(x™* (y'xy), a)

> T { VA(X-lvq) ’ VA(y-IXYl q)}
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=T { VA(qu) ’ VA(XI q)} = VA(Xr q)
Therefore  Va([x,y] ¢) = Va(x,0).
Conversly, suppose Va( [X,y] q) = Va(x,q) for x,z in G.

It follows that Va(x'zx, q) = Va(ex'zx, q) = Va(zzxzx, )
=Va(z[zX] )

> T{Va(z a), Va([zX] ¢} =Va(z.0)

Therefore Va(x'zx, q) > Va(z,q) forall x,zinGand q € Q.

It follows that Va(z,q) = Va(xxzxxt, @) = T { Va(x q),
Va(x'zx, )}

Now if T {Va(x, q), Va(x'zx, @)} = Va(x,q), then Va(z, q)
> Va(x,q) for all X,z in G.

Implying the constant set and in this case the result is holds
trivially.

If T{VAX, 0), Va(X'zx, @)} = Va(X1zX, @), then Va(z, q) >
Va(x'zx, q) for all x, z in G.

This impliesVa(z,q) = Va(x'zx, q). Thus ‘A" is a Q-vague
normal group of G.

Proposition 2.6: Let' A’ be a Q-Vague normal group of G.
Then (i) Q-normalizer N(A) is a crisp subgroup of G (ii) ‘A" is
Q-vague normal group of N(A).

Proof: (i) 'A'is a Q-vague group of G and N(A) = {a €G/V
(axa, q) } = Va(x,q) for all x € G}.

Now let x, y € N(A) implies Va(xax?, q) = Va(a, q) and
Va(yby™, @) = Va(b, ).

So Vaxy'a(xyh)™ha) = Valxy'axyx™,q) = Va(y'ay,q) =
Va(y,0) =xy* € N(A)

Therefore, N(A) is a crisp subgroup of G.

(ii) Suppose 'A'"is a Q-vague normal group of G. Let a
€ G, x€ A Vaxaxt,g) = Va@a,q)
impliesa € N(A)and so GCN(A) C G. Thus N(A) = G.
Convexly, N(A) = G giving Va(axa™,q) =
Va(x,q) for all x € G. So 'A' is Q-vague normal group of G.
Let x € A. Therefore a € N(A) C G, and then
Va(xaxt,q) = Va(a,q) gives 'A'is a Q-vague normal group of
N(A).

Proposition 2.7: Let 'A' be a Q-vague normal group of G and
K={x € G/Va(X,q)=Va(e,q) }. Then K C C(A).

Proof: Let x € K implies Va(x,q) = Va(e,q) forally € G.
Consider
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VaXy™'xy, )

Va([x yla)

Va(x™ (y'xy), 9)

[\

T{Valx ), Valy.0) }
=Va(X, q) =Va(e, q) implies
Va([x y] 0) = Va(e, ).

But Va([x.ylg) < Va(e.q) gives Va([x.ylg) = Va(e,q) and so
X € C(A), thus K C C(A).

Proposition 2.8: Let 'A' be a Q-Vague group of a group G.
Then K= {x € G/ Va(x, q) = Va(e, q)} is a normal subgroup
of N(A).

Proof: Let x € K, y € G implies
Va(x, @) = Va(e, 9).
Consider Va(xyx™,q) > T{Va(x.0), Va(y.0) }
= Va(y, 0) = Va(eye, q)
= VA (xyxx), 9)
>T { Valx™", @), Va(xyx™x, @) }
=T{Vae 0), Valxyx™, a) }

= Va(xyx?, q) forall y € G.

Va(xyx™1,q) = Va(x,g), for all y € G gives X €
N(A) andso K C N(A).

Now, for all a € N(A), Va(axa™,q) = Va(x,q) forall x € G.
Thus Va(axa™,q) = Va(y,q) = Va(e,q) for all y € K, giving
thataya™ € K, and so K is a normal subgroup of N(A).

Proposition 2.9: Let 'A' be a Q-vague group of G then C(A)
is a normal subgroup of G.

Proof: C(A)= {a € G/Va([a X]g)=Va(eq), forallx €
G}

Leta € C(A) gives Va ([a X]q) =Va(e, q). So Va(a™x'x,
q) =Vale q).
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Thus Va ((xa)tax, q) = Va(e,q) implies
Va (ax, ).

Va(xa,q) =
Leta,b € C(A).ThenVa([a, X]q) =Va(e,g)and Va ([
b, X]q) =Va(e.0)

Consider

Va ([ab? x]q) =Va((ab™)x"ab™x, q) =Va(b (@'x"ab™,
a))

= Va( @xMax, xhxb), q) = Va( [a,
X]g [X, bo)

T{Va([a x]q), Va([x.blg) }

T {VA(e,q), VA(elq)} = VA(erq)

[\

Therefore, Va ([ab™, x]q) > Va(e,q)
>Va ([ab?, X]y) gives

Va ([abh, x]g) = Va(e,q) and so ab™ € C(A). Therefore
C(A) is a subgroup of G.

Now, foralla € C(A)forall g € G, it follows that

Va([gag, XIy) = Va( (gag) *x g "agx, q) Va( [g,

alq, (a*(9x)"a(gx) }

T {Va

=Va(l9, alq, Vala, 9x]q)
(9. alq, [a, 9x] }

=T{Va(e.q), Va(e,0)}
=Va(eq)
Then Va ([g7ag, XIq) > Va(e,0)
>Va([g'ag, X]q) gives
Va([g7ag, X]g) = Va(e, X).

Thus Va ([ g™ag, x]q) = Va(e, q) gives glag € C(A),

and so C(A) is a crisp normal subgroup of G.

Proposition 2.10: If 'A'is a Q-vague group of G and 6 is a
homomorphism of G, then Q-vague set A? is also Q-vague
group of G.

Proof: Letx,y € Gandqg€ Q. Then

ta’ (xy,0) = ta (0 (xy, @) = ta (0(x,Q), 0(y,0) ) =T { ta(
G(X,q), tA( e(qu) }

=T { tA9 (X,q), tAe (yvq)}

Also

fa"(xy,0) = fa (B(xy, 0) = fa (0(x,0), 6(y.a)) = S { fa(
6(x.a), fa(6(y.0) }
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= S{f(xa), f(v.a)}

Again
ta’ (X1,0) = ta (0", 9)) =ta (0 (x, @) )

=ta (0(X, Q) =ta (0 (x,q) forall xe G

Similarly, fa” (x*,g) = fa (0 (x, q) forall x € G, Thus A’ isa
Q-vague group of G.

Proposition 2.11: If A is a Q-vague characteristic group of G,
it is a Q-vague normal group of G.

Proof: Letx,y € Gandq € Q. Considerthemap6:G —
G' given by 6(g,q) = (x'gx, q) forall g € G. Clearly, 0 is an
automorphism of G. Now ta (xy,q) = t (xy, q) =
ta(O(xy, @) = ta(x'xyx, @) = ta(yx, q).

Similarly, fa (xy,q) = fa(yx,q) for all x, y € G. Therefore 'A’
is a Q-Vague normal group of G.

Definition 2.12: (Q-Homologous Vague groups) : Let A
and B be two Q-vague groups of a group G. If there exists @
€ Aut(G) such that Va(x, ) = Ve( @ (x, q)) for all x € G.
Thus ta(x, q) =ts( @ (x,q) and fa(x, q) =fa( @ (x, q)).
Then A and B are homologous Vague group of G.

Proposition 2.13: Let 'B' be a Q-vague group of G. ® € Aut
(G). Let'A' be a Q-vague set of G such that V5(x,q) = Vg( @
(x,q)) for all x € G. Then A and B are Q-homologous Vague
group of G.

Proof:  Va(xy, Q)
@ (y, )

=Ve( @ (xy,q) =Va(® (%, q),

>T{ Ve (®(x,q), Ve (P(y,q) }
=T { VA(Xiq) ' VA(y,q) }

Also Va(X*, ) = Vg(® (x*, q)

=Va((@(x,9)) ") > Va((@ (%,9) = ValX, q).

Therefore 'A" is a Q-vague group of G. Hence A and B are Q-
homologous VVague groups of G.

Proposition 2.14: Let A and B be Q-homologous Vague
group of G. Then C(A) and N(A) are Q-homologous
subgroups of G.

Proof: Let A and B are Q-homologous vague groups of G.
Then C(A), C(B) are subgroups of G. Now C(A), C(B) are to
be proved Q-homologous subgroups of G. For this, it is
enough to check that, there exits an automorphism @ of G
such that ®(C(A)) = C(B).

Since A and B are -homologous Vague groups, there exsits ®
€ Aut(G) such that
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ValX, @) = V(P (%, q); Va(X 0) = Vu( @
(%, q)). For x € G, so for a € C(A), it follows that

V([ @), x] q) = Ve (( @) X! d@)x,q) = Vg ( O@
N x! @(a)x, q)

=Vg (D@ d(x)ad(x),q)

=Va(at 0 (x")a ®’(x), q)

=Va( [(@ ®™(x)1q)=Val(e a)

= V(D Y(x,q )=Vg(e,q) forall x € G.
Therefore® (C(A)) C C(B) ----- > ().
On the other hand, forall a€ C (B).

Ve([@7(@), Xl q) = Va( @'(@") x* @'@)x, q) = Va (P
@' ox')adx), q)

=Va( @7 [2,0x)]0q)
=Ve( [@ ®(x)]q) = Vs (e q)
= Ve (D(e, q) = Vale, q).
Therefore ®* (a, g) € C(A) gives
C(B) C D(C(A) ) ------m--=- > (2).

From (1) and (2), ®(C(A)) = C(B). Hence C(A) and C(B) are
Q-homologous subgroup of G.

3. CONCLUSION

Ranjit Biswas [6] introduced the concept of Vague groups and
others [1], [5] were discussed. [8] investigated the concept of
Q-Fuzzy groups. In this paper we investigate a new kind of
Q-Vague groups and its characterizations.
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