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ABSTRACT

A new form of fuzzy compact spaces namely fuzzy b-compact
spaces ,b-closed spaces and fbg-compact spaces with the
concept of fuzzy b-open set are introduced.Some
characterization on their properties are obtained.The
invariance of fuzzy b-compact spaces, b-closed spaces and
fbg-compact spaces under fuzzy mapping and their heriditary
property are also investigated.
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1. INTRODUCTION

After Zadeh [7] introduced the concept of a fuzzy subset,
Chang [4] used it to define fuzzy topological space.There
after, several concepts of general topology have been
extended to fuzzy topology and compactness is one such
concept.Compactness for fuzzy topological spaces was first
introduce by Chang [4].The concept of b-open sets in fuzzy
settings was introduced by S.S.Benchalli and Jenifer [1].The
purpose of this paper is to introduce fuzzy b-compact, fuzzy
b-closed spaces and fbg-compact spaces using fuzzy
filterbases. Some characterization, heriditary property,
invariance under mapping for these spaces are investigated.

2. PRELIMNARIES

Throughout this paper X and Y mean fuzzy topological spaces
(fts, for short).The notations CI(A) ,Int (A) and A will stand
respectively for the fuzzy closure, fuzzy interior and
complement of a fuzzy set A in a fts X. The support of a fuzzy
set A in X will be denoted by S(A)(i.e S(A)={xeX:A(x)#0).
A fuzzy point x; [6] in X is a fuzzy set having support x €X

and value te(0,1] . The fuzzy sets in X taking on respectively

the constant value 0 and 1 are denoted by Ox and Ix
respectively.For two fuzzy sets A and B in X , we write

A<Bif A(x) <B(x) foreachx X .

2.1 Definition A fuzzy set A in a fts X is said to be fuzzy
b-open (b-closed) [3] set iff A < (IntCIl(A)V (Clint(A)),
((IntCI(A) A (CIInt(A)) < A)).

2.2 Definition A mapping f :(X,7) —(Y,0) is said to be
(a) fuzzy b*-continuous [2] if f'(A) is fuzzy b-open set in
X | for each fuzzy b-openset A in y .
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(b) fuzzy b*- open [2] if for every fuzzy b-open set A in X,
f(A) is fuzzy b-open setin Y.

2.3 Definition [1] Let be a fuzzy set in a fts X. Then its fb-
closure and fb-interior are denoted and defined by

(i) bCl (A)=/\{B:B is a fuzzy b-closed set of X and B>A}.
(ii) blnt (A)=V {C:C is a fuzzy b-open set of X and A>C}.

2.4 Definition [3] A fuzzy set A in a fts X is called fuzzy
generalized b-closed (briefly fbg — closed) fuzzy set if bCl (A)
< B whenever A < B and B is fuzzy b-open in (X,1).

2.5 Definition A fuzzy set A is quasi-coincident [6], with a
fuzzy set B denoted by A q B iff there exist x €X such that
A(x) + B(x) > 1. If A and Bare not quasi-coincident then we
writt Ay, B. A<B < A, (1-B)

2.6 Definition A collection of fuzzy subsets O of a fts X is

said to form a fuzzy filterbase [5],iff for every finite collection
{4,:2=1,-- ,n},}é] A, #0,.
2.7 Definition A collection p of fuzzy sets in a fts X is said

to be a cover [5] of a fuzzy set u of Xiff (v~ A)(Xx)=1.
Aep

for every x €S(u) . A fuzzy cover of a fuzzy set u in a fts X is

said to have a finite subcover iff there exists a finite
subcollecton n={A,,.--,A } of p such that (;V;A;.)(X) >u(x)>

for every x €S(u) .

3. FUZZY b-COMPACT SPACES

3.1 Definition A fts X is said to be fuzzy b-compact iff for

every family p of fuzzy b-open fuzzy sets such that \, = 1,
Aepu

there is a finite subfamily § — p such that , A = 1, for
Aed

every X €S(u).

3.2 Definition A fuzzy set U in a fts X is said to be fuzzy
b-compact relative to X iff for every family p of fuzzy b-open

sets such that |, A > U(x) there is a finite subfamily § < p
Aep

suchthat , 5 5 Ux) for every x eS(U).
Aed
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3.3 Theorem A fts X is b-compact iff for every collection
{AA Ae A} of fuzzy b-closed sets of X having the finite
intersection property, A A, #0, -

heA

PI’OOf Let {Ax e A} be a collection of fuzzy b-closed

sets with the finite intersection property. Suppose that
AA, =0X.Then V(§)=1x .Since {Ai:keA} is a
reA heA

collection of fuzzy b-open sets covering X, then from the
definition of b-compactness of X it follows that there exists a
finite subset A = A such that |, 1?X -1, Then

A A, =0y
hea her X

which gives a contradictions. Therefore A A, #0y-
Conversely, let {Ax37“€/\} be a collection of

fuzzy b-open sets covering X. Suppose that for every finite

subset A A, we have A\E/AA}" #1, -Then A (A) %0,

Hence {K:XE A} satisfies the finite interesection property.

Then by definition we have /\(Ail);tOX which implies
N

v A, %1, and this contradicts that {Ak e A} is a fuzzy

AeA

b-cover of X. Thus X is fuzzy b-compact.

The following characterization on b-compactness is
in terms of fuzzy filterbases.

3.4 Theorem A fts is fuzzy b-compact if and only if every
filterbases I"'in X, A bCIG # 0y-

Proof Let u be a fuzzy b-open cover which has no finite
sub-cover in X. Then for every finite subcollection of
{Al,---’A”} of p, there exists x €X such that A;(x) <1 for

every A =1,.....,n. Then Ai/1 > (), so that ,n\ Z(x) #0, - Thus
=1~

{Aik(x);Ax € H} forms a filterbases in X. Since p is fuzzy

b-open set cover of X,then ( v A J for every
Ayen 4

(x) =1y

xeX and hence . bClK(x) =0.> which is a
Ayen » X

contradiction. Then every fuzzy b-open set cover of X has a

finite subcover and hence X is fuzzy b-compact.
Conversely, suppose there exists a filterbases I' in

X, ABCIG)=0,- 50 that (v (bCHG)))(x) =1, for every

xeX and hence p = {bC](G) ‘Ge F} is a fuzzy b-open cover
of X. Since X is fuzzy b-compact,by definition I" has a finite

subcover such that ()Z(bCl(Gx)(x):lx and hence

(;\Z(Gik))(x) -1, % that x/:\l(G*) =0y> which is a
contradiction. Therefore . pC1(G) =0, for every filterbases
I.

3.5 Theorem A fuzzy set u in a fts X is fuzzy b-compact

relative to X if and only if for every filterbase I' such that
every finite members of I' is quasi coincident with

U, (ABCIG)) AU %0, -

Proof Suppose U is not fuzzy b-compact relative to X, then
there exists a fuzzy b-open set p covering of U with no finite
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subcover v. Then (v A)X) < U(x) for some xeS(U), so

that (A/\ Aix)(X)> 6()()2 o and hence T = {K(x) 1A, € }1}
}\,EV

forms a filterbases and . A,qU By hypothesis

A, ev

(A BCIA) AU =0, and hence (50 1y g, Then
o8 .

for some xeS(U), (AA Kx)(x)>0x’ that s
AER

(AV AN <1y which is a contradiction. Hence U is a
AEH

fuzzy b-compact relative to X.
Conversely,suppose that there exists a filterbases I'
such that every finite members of I' is quasi-coincident with

U and (G,E\rbC](G))AUiox. Then for every xeS(U),
(G/\rbCI(G)Xx):OX and hence V. BCIG) () = 1y for

every xeS(U). Thus |, = {b(jl((;);(; el"} is a fuzzy b-open
set cover of U. Since U is fuzzy b-compact relative to X,
there exists a finite subcover, say {bC](GX));l =12,..., n}

such that (gm)(x)ZU(x) for every xeS(U). Hence

(éleI(G ()< U(x) for every xeS(U), so that
AbCI(G ,)q U» Which is a contradiction. Therefore for
=1 y

every filterbases I' , every finite member of I' is quasi-
coincident with U .Hence (A BCIG) Au =0, -
Gel

The following theorem proves the heriditary property
for fuzzy b-compact spaces.

3.6 Theorem Every fuzzy b-closed subset of a fuzzy
b-compact spaces is fuzzy b-compact relative to X.

Proof Suppose T be a fuzzy filterbases,A be its finite
subcollection in X and for a fuzzy b-closed set U let

Uq/\{GeF}.Let 1"*={U}u1". For any finite
subcollection A* of I'*, if U ¢ A*, then AA#0,. If UeA* and
Uq/\{G:GeA*—U}, then /\A*ysox. Hence A* is a fuzzy
filterbases in  X. Since X is fuzzy b-compact, then

(A BCIG)) #0y> such  that  (AbCIG)AU=
(AbCL(G)bCI(U)=0, Hence by theorem 3.5, U is fuzzy

b-compact relative to X.

In the following theorem it is showmn that image of a
fuzzy b-compact space under a fuzzy b*-continuous mapping
is fuzzy b-compact.

3.7 Theorem If a function f :( X,t) =(Y,0) is fuzzy b*-
continuous and U is fuzzy b-compact relative to X, then f(U)
is fuzzy b-compact.

Proof Let {A, -2 e A} bea fuzzy b-open cover of S(f(U))
in Y. For xeS(U), f(x) ef(S(U)). Since f is fuzzy b*-
continuous, {f"(AA);X eA} is fuzzy b-open cover of S(U) in
X. Since U is fuzzy b-compact relative to X, there is a finite
subfamily {f’l(Ak):)\l:]’“"n} such that gj) < ;\“f.fil @A,)
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St A, Henee  S(UN=RSUERE'(vA )< VA,
A=1 - =] —
Therefore f(U) is A fuzzy b-compact relative to Y.

The pre image of a fuzzy b-compact space under fuzzy
b*-open bijective mapping is fuzzy b-compact.

3.8 Theorem If a function f :(X,t) =(Y,0) is fuzzy b*-
open bijective mapping and Y be fuzzy b-compact ,then X
fuzzy b-compact.

ProofLet {A, ;1 e A} bea family of fuzzy b-open covering
of X. Then let {f(A ke A} be a fuzzy b-open cover is a
family of fuzzy b-open sets covering Y. Since Y is fuzzy b-
compact, by definition there exist a finite family A < A such
that {f(Ax) Ae A}covers Y. Also since f is bijective we have

IX:f’l(ly) :f’lf(vAk)):vAx. Thus X is fuzzy

b-compact.

3.9 Definition A fts (X,1) is said to be locally b-compact
iff for every fuzzy point p in X there exist Aet such that (i)
peA (ii) A is fuzzy b-compact.

3.10 Theorem Let f :(X,1) ->(Y,06) be a fuzzy b*-
continuous function from a locally b-compact fts (X,t) onto a
fts (Y,0). If f is also fuzzy b*-open then Y is locally
b-compact.

Proof'Let q be a fuzzy point in Y with support y, and value
y .Then p is a fuzzy point in X with support x, and value
yNow x_ef(y,) Then f(p)=q. Since p is a fuzzy point in
X and X is locally b-compact, by definition there exists a
member Aet such that peA and A is fuzzy b-compact. Now
Aet and f is b*-open, therefore f(A) €c and qef(A), also
f(A) is fuzzy b-compact in Y. Thus for a fuzzy point qeY
there exist a member f(A) e€c such that qef(A) and f(A) is
fuzzy b-compact. Therefore (Y, o) is locally b-compact.

4. FUZZY b-CLOSED SPACES

4.1 Definition A fts X is said to be fuzzy b-closed iff for
every family A of fuzzy b-open set such that

v A =1 there is a finite subfamily 6 — A such that
Ael x

(V bCI(A) )(x): o for every x eX.

4.2 Definition A fuzzy set U in a fts X is said to be fuzzy b-
closed relative to X iff for every family A of fuzzy b-open set
such that \v A = U there is a finite subfamily 6 — A such

Ach

that v bCI( AYx)=U(x)s every for xeS(U).
=

4.3 Remark Every fuzzy b-compact space is fuzzy b-closed,
but the converse is not true.
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4.4 Theorem A fts X is fuzzy b-closed iff for every fuzzy
filterbases I" in X, (A BCIG)) =0y -

Proof Let p be afuzzy b-open set cover of X and let
for every finite family of p, |, bCl(A) (x)< 1 for some
Aed x

x e€X. Then(/\m)(x)>ox for some xeX. Thus

{(bcl(A):AEH)}:(r forms a fuzzy b-open filterbases in X.
Since p is a fuzzy b-open set cover of X, then (A/\ A) =0,
ep

which implies (A/\ bCl(bCl (G))}(X):OX’ which is a
o

contradiction. Then every fuzzy b-open p of X has a finite
subfamily O such that ( v bCI(A) (x )j — 1 forevery x eX.

Hence X is fuzzy b-closed.
Conversely,suppose there exists a fuzzy b-open
filterbases I in X such that ( A bCl (G)= 0, - That implies
Gell

(Qv (bc](G) )XX):] for x € X and hence
el X

w= {(bCl(G)):G Er} is a fuzzy b-open set cover of X. Since X
is fuzzy b-closed, by definition p has a finite subfamily 0 such

that (v bCl (bCl(G) )J(X):l for every x € X, and hence

}A_(bClel(G)):OX' Thus A G =0, is a

Geod

contradiction. Hence A bCl (G )= 0y -

4.5 Theorem A fuzzy subset A in a fts X is fuzzy b-closed

relative to X iff for every fuzzy b-open filterbases I' in X,

( A bCl(G)j AU 0. there exist a finite subfamily A of I
Gel' X

such that /\A bCl (G ))a u-

Proof Let U be a fuzzy b-closed set relative to X. Suppose I
is a fuzzy b-open filterbases in X such that for every finite

subfamily A of T, LJ/E\F bC(G))q U- But (G/QrbC(G)) AU=0,- Then
for every xeS(U), ((,A bCl (G ))( x)=0, and so
el

(G\él bCl (G ))( x)=1, for every xeS(U).  Then
p= {(bCl(G)):Gel"} is a fuzzy b-open set cover of U and
hence there exists a family AcTD such  that

v bCbClG))(x)2 U S0 that 2ocbCid)) o pinbCiG)<U -

Thus ., G < U - Therefore , ggqu  this is a

GeA GeA
contradiction.
Conversely, Suppose U is not fuzzy b-closed
relative to X, then there exists a fuzzy b-open set | that

covers U such that for every finite subfamily , < i we have

(vbCl(A))(x)sU(x) for some xeS(U) and hence
Aen

N (W(A)Xx)z (Wx))z o for some xeS(U). Thus

= {(bc]{ A )); Ae H} forms a fuzzy b-open filterbases in X. Let

{(bCl (a )): A en } be a finite subfamily such that

Aén(m) qu .Thenyy< AanCI( A)' So there exist a finite

subfamily 1 < psuch that y< bCl(A) which is a
Aen

contradiction. Then for each finite family A = {(bCl( A)): Ae ﬂ}
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of T, we have (m) qu- Hence by definition
Aep

(A/\ bCl(bClA))/\U;tOX' Hence there exists xeS(U) such
e

tha’t(/\/g\u bCl(WK))j AU =0y Then (A\;H(bCl m )J(x) =
(A\éu(blnt (bCI (A ))))(x) <1, and hence oA (x)< 1,

which contradicts the fact that 1 is a fuzzy b-open set cover

of U. Therefore U is a fuzzy b-closed relative to X.
The pre-image of a fuzzy b-closed space under fuzzy
b*-open bijective mapping is fuzzy b-closed.

4.6 Theorem Let f : (X,1) =(Y,5) be a fuzzy b*-
continuous surjection. If X is fuzzy b-closed space, then Y is
fuzzy b-closed space.

Proof Let {A ke A} be a fuzzy b-open cover of Y. Since

f is fuzzy b*-continuous, {f"(Al) ‘Ae /\} is fuzzy b-open
cover of X. By hypothesis, there exists a finite a finite subset

A of I such that Z\E/AbC(f‘l(,%)):1)(. Since f is surjective

Yy = f(lx) = f(k\e/AbC{f_l(Ax)))
Sk\ébct' (fq (A*):kébC(A*) )J . Hence Y is fuzzy b-

closed space.

and by theorem

5. FUZZY GENERALIZED b-COMPACT
SPACES

Firstly we shall define the concept of fuzzy generalized
b-compact spaces.

5.1 Definition A collection {Aﬂ }/151“ of fbg-open sets in X

is called fbg-open cover of a fuzzy set Bin X if B < v A/l .
Ael

5.2 Definition A topological space X is called fbg-compact
if every fbg-open cover of X has a finite subcover.

5.3 Definition A fuzzy set A in X is said to be fbg-compact
relative to X if for every collection {Aﬂ }kr of fbg-open sets

of X such that 4< ., 4 , there exists a finite subset A of I'

Ael’

such that g4< v/ A,
JeA

5.4 Definition A fuzzy set A of X is said to be fbg-
compact if A is fbg-compact relative to X.
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The following results can be easily proved.

5.5 Theorem 1Let X is said to be fbg-compact and A be
fbg-closed set in X. Then A is fbg-compact.

5.6 Theorem A fbg-continuous image of a fbg-compact
space is fuzzy b-compact.

5.7 Theorem 1f a map f :(X,1) >(Y,0) is fbg-irresolute
and if A is fbg-compact relative to X, then f(A) is fbg-
compact relative to Y.
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7. CONCLUSION

It is an interesting exercise to work on b-compact spaces and
b-closed spaces. Similarly other forms of generalized open set
can be applied to define different forms of compact spaces
and closed spaces.
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