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ABSTRACT 

In this paper, we prove common fixed point theorems in fuzzy 

metric spaces for weakly compatible mappings along with 

property (E.A.) satisfying implicit relation. Property (E.A.) buys 

containment of ranges without any continuity requirement 

besides minimizing the commutativity conditions of the maps to 

commutativity at their point of coincidence. Moreover, property 

(E.A.) allows replacing the completeness requirement of the 

space with a more natural condition of closeness of the range. 
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1. INTRODUCTION 
It proved a turning point in the development of mathematics 

when the notion of fuzzy set was introduced by Zadeh [22] 

which laid the foundation of fuzzy mathematics. Fuzzy set 

theory has applications in applied sciences such as neural 

network theory, stability theory, mathematical programming, 

modeling theory, engineering sciences, medical sciences 

(medical genetics, nervous system), image processing, control 

theory, communication etc.  

          Kramosil and Michalek[9] introduced the notion of a 

fuzzy metric space by generalizing the concept of the 

probabilistic metric space to the fuzzy situation. George and 

Veeramani[5] modified the concept of fuzzy metric spaces 

introduced by Kramosil and Michalek[9]. There are many view 

points of the notion of the metric space in fuzzy topology for 

instance one can refer to Kaleva and Seikkala [8], Kramosil and 

Michalek [9], George and Veeramani [5].  

           Regan and Abbas[ 2] obtained some necessary and 

sufficient conditions for the existence of common fixed point in 

fuzzy metric spaces . 

           Popa ([14 ]- [15]) introduced the idea of implicit function 

to prove a common fixed point theorem in metric spaces . Singh 

and Jain[7] further extended the result of  Popa ([14 ]- [15]) in 

fuzzy metric spaces. For the reader convenience, we recall some 

terminology from the theory of fuzzy metric spaces. 

2. PRELIMINARIES 

Definition 2.1. ([22]) Let X be any non empty set. A fuzzy 

set M in X is a function with domain X and values in [0, 1]. 

Definition 2.2. ([17]) A mapping  : [0, 1]×[0, 1]  [0, 1] 

is called a continuous t-norm if   ([0, 1], ) is an abelian 

topological monoid with unit 1such that,  

a  b ≤ c  d, for a ≤ c, b ≤ d.  

Basic examples of t-norm are the Lukasiewicz  t-norm TL, 

TL(a,b) = Max(a+b−1,0) , t-norm TP, TP(a,b) = ab, and t-norm 

TM, TM(a,b) = Min{a,b}. 

Definition 2.3. ([9]) The 3 −  tuple (X,M, ) is called a 

fuzzy metric space in the sense of Kramosil and Michalek  if  X 

is an arbitrary set,  is a continuous t − norm and M is a fuzzy 

set in X2×[0,∞) satisfying the following conditions: 

(a) M(x, y, t) > 0, 

(b) M(x, y, t) = 1 for all t > 0 if and only if x = y, 

(c) M(x, y, t) = M(y, x, t), 

(d) M(x, y, t) M(y, z, s) ≤ M(x, z, t + s), 

(e) M(x, y, .) : [0,∞) → [0, 1] is a continuous function, 

for all x, y, z ∈ X and t, s > 0. 

                Note that, M(x, y, t) can be thought as degree of 

nearness between x and y with respect to t. It is known that M(x, 

y, .) is nondecreasing for all x, y ∈ X([5]). 

A sequence {xn} in X converges to x  if and only if for each t > 

0 there exists n0 ∈ N, such that,  

                     M(xn, x, t) = 1 ,       for all n ≥ n0. 

The sequence (xn)n∈N is called Cauchy sequence if 

limn→∞M(xn,xn+p,t) = 1,for all t > 0 and p ∈ N. A fuzzy metric 

space X is called complete if every Cauchy sequence is 

convergent in X. 

Lemma 2.4. ([5]) Let (X,M, ) be a fuzzy metric space. 

Then M is a continuous function on X2 × (0,∞). 

In 1999, Vasuki [21] introduced the notion of weakly 

commuting. 

Definition 2.5. Two self-mappings f and g of a fuzzy 

metric space (X,M,  ) are said to be weakly commuting if 

M(fgx, gfx, t)  M(fx, gx, t), for each x  X and for each t > 0. 

                    In 1994, Mishra [12] generalized the notion of 

weakly commuting to compatible mappings in fuzzy metric 

spaces akin to the concept of compatible mapping in metric 

spaces, see [7]. 

Definition 2.6. Let f and g be mappings from a fuzzy 

metric space (X,M,  ) into itself. A pair of map {f,g} is said to 

be compatible if   M(fgxn, gfxn, t) = 1, whenever {xn} is 

a sequence in X such that  fxn = gxn = u  for 

some u  X and for all t > 0. 

                  In 1999, Vasuki [21] initiated the concept of non 

compatible of mapping in fuzzy metric spaces . 
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Definition 2.7. Let f and g be self mappings on a fuzzy 

metric space(X,M,  ). The mappings f and g are said to be non 

compatible if  M(fgxn, gfxn, t)  1,  whenever {xn} is a 

sequence in X such that  fxn = gxn = u,  for some 

u  X and for all t > 0. 

Definition 2.8.[2] A pair of mappings f  and g from a 

fuzzy metric space (X,M, ) into itself  are weakly compatible if 

they commute at their coincidence points,i.e., fx = gx implies 

that fgx = gfx. 

In 2002, Aamri and Moutawakil[1] introduced the concept of 

property (E.A.).               

Definition 2.9.[1] Two self  maps A and S of a metric 

space (X, d) are said to satisfy property (E.A.) if there exists a 

sequence {xn} in X such that   =  = t, 

for some t  X. 

       In a similar mode, it is said that two self-maps A and S of a 

fuzzy metric space (X, M,  satisfy property (E.A.), if there 

exists a sequence {xn} in X such that M(Axn, Sxn, t) = 1. 

             Property (E.A.) buys containment of ranges without any 

continuity requirements, besides minimize the commutativity 

conditions of the maps to the commutativity at their points of 

coincidence. Moreover , property (E.A.) allows replacing the 

completeness requirement of the space with a more natural 

condition of closeness of the range space. 

Example 2.10.[2]  Let (X,M, ) be a fuzzy metric space, 

where X = [0, 2] with minimum t − norm, and M(x, y, t) =  

  for all t > 0 and for all x, y ∈ X. Define the self maps f 

and g as follows: 

                   f x =    ; 

                   g x =        ; 

Let {xn = 2   } is a sequence in X such that lim
n

f xn 

= lim
n

g xn  = z.  By definition of  f   and  g, we have z ∈ {1}. 

Thus {f, g} satisfies property (E.A.). 

We note that weakly compatible and property (E.A.) are 

independent to each other. 

Example 2.11.[11] Let X = [0, 1] with the usual metric 

space d, i.e., d(x, y) = |x – y|. 

Define  (X,M, ) =  for all x, y in X and for all t > 0 

and also define, 

    f x =  ;   g x =   . 

Consider the sequence {xn} =  , n  2, we have  

f  =   =  g . Thus , the pair (f, g) 

satisfies property (E.A.). Further, f and g are weakly compatible 

since x =    is their unique coincidence point and fg(  ) = f(  ) 

= g(  ) = gf(  ). We further observe that ( fg ,  

fg  )  1, therefore, the pair (f, g) is non-compatible. 

Example 2.12.[11] Let X = R+ and d be the usual metric 

on X. Define  (X,M, ) =  for all x, y in X and for all t 

> 0 and also define f, g : X  X by  fx = 0, if 0  x  1 and fx = 

1, if x > 1 or x = 0, and gx = [x], the greatest integer that is less 

than or equal to x, for all x  X. Consider a sequence {xn} =  

 , n  2 in (1, 2), then we have lim
n

f xn = 1 = lim
n

g xn 

. Similarly for the sequence {yn} =  , n  2 in (0, 1), we 

have lim
n

f xn = 0 = lim
n

g xn . Thus the pair (f, g) satisfies 

property (E.A.). However, f and g are not weakly compatible as 

each u1  (0, 1) and u2  (1, 2) are coincidence points of f and g, 

where they do not commute. Moreover, they commute at x = 0, 

1, 2,…. But none of these points are coincidence points of f and 

g. Further, we note that pair (f, g) is noncompatible. Thus we 

can conclude that property E.A. does not imply weak 

compatibility. 

Here , we note that two noncompatible self-mappings of a fuzzy 

metric space (X,M, ) satisfy property E.A.  

Definition 2.13[2]  The mappings A, B, S and T from a 

fuzzy metric space (X,M, ) into itself  are said to satisfy 

common property (E.A.) if there exists sequences {xn} and {yn} 

in X such that, lim
n

Axn  = lim
n

Sxn = lim
n

Byn = lim
n

Tyn 

= u for some u ∈ X. 

3. IMPLICIT RELATIONS 
Let ( ) be the set of all real continuous functions : (R+)6  

R+ satisfying the following condition: 

(M1) :  (u, v, u, v, v, u)  0 imply u  v, for all u, v ∈ [0,1]. 

(M2) :   (u, v, v, u, u, v)  0 imply u  v, for all u, v ∈ [0,1]. 

(M3) :   (u, u, v, v, u, u)  0 imply u  v, for all u, v ∈ [0,1]. 

Example  3.1.  

(i) (t1, t2, t3, t4, t5, t6) = t1  min{t2,t3, t4, t5, t6}. 

(ii)  (t1, t2, t3, t4, t5, t6) = t1
2  min{ti tj : i, j ∈ {2, 3, 4, 5, 

6}}. 

(iii)  (t1, t2, t3, t4, t5, t6) = t1
3  min{ti tj tk : i, j,k ∈ {2, 3, 4, 

        5, 6}}. 

4. MAIN RESULTS 

Theorem 4.1.:   Let (X, M, ) be a  fuzzy metric space with 

 continuous t-norm. Let A, B,   S, T be self mappings of  X  

satisfying: 

(4.1)   A(X)  T(X)  and  B(X)  S(X),  

(4.2)    pair (A,S) or (B,T) satisfies the property (E.A.), 

(4.3)    For some    and for all x,y  X and every t > 0, 
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{M(Ax, By, t), M(Sx, Ty, t), M(Sx, Ax, t), M(Ty, By, t), 

M(Sx, By, t), M(Ty, Ax, t)}  

 0, 

(4.4)   pairs (A,S) and (B,T) are weakly compatible, 

(4.5)   One of A(X), B(X), S(X) or T(X)  is a closed subset of  

X. 

Then A, B, S, T have a unique common fixed point in X. 

Proof :   Suppose that (B,T) satisfy the property (E.A.), then 

there exists a sequence {xn} in X such that Bxn = Txn = 

z for some z  X. Since B(X)  S(X), there exists a sequence 

{yn} in X such that Bxn =  Syn = z. Now we show that 

 Ayn = z. 

On putting  x = yn and y = xn in (4.3) ,we have 

{M(Ayn, Bxn, t), M(Syn, Txn, t),M(Syn, Ayn, t), M(Txn, Bxn, t), 

M(Syn, Bxn, t), M(Txn, Ayn, t)}  0. 

Proceeding limit as n , in view of  , we have   Ayn = 

z. 

Since S(X) is a closed subset of X, therefore z = Su for some u  

X, subsequently, we have , 

Bxn = Txn = Syn = Ayn =Su = z.  

From  (4.3), putting x = u, y = xn, we have, 

{M(Au, Bxn, t), M(Su, Txn, t),M(Su, Au, t), M(Txn, Bxn, t), 

M(Su, Bxn, t), M(Txn,Au,t)}  0 . 

Letting n , in view of  , we have  Au = Su. 

The weak compatibility of A and S implies that ASu = SAu and 

then Az = ASu = Sz = SSu = Sz .  Since A(X)  T(X)  , 

therefore there exists a point v X such that Au = Tv. We claim 

that Tv = Bv, put x = u and y = v in (4.3) , we have 

{M(Au, Bv, t), M(Su, Tv, t), M(Su, Au, t), M(Tv, Bv, t), 

M(Su, Bv, t), M(Tv, Au, t)}  0, 

i.e., {M(Au, Bv, t), 1, 1, M(Au, Bv, t), M(Au, Bv, t), 1}  0,  

in view of  , we get Au = Bv = Tv. 

Therefore , Au = Su = Tv = Bv = z. The weak compatibility of B 

and T implies that 

BTv = TBv and TTv = TBv = BTv = BBv, i.e., Tz = Bz. 

Now we prove Au(= z) is a common fixed point of A, B, S and 

T, from (4.3) , it follows that 

{M(Az, Bv, t), M(Sz, Tv, t), M(Sz, Az, t), M(Tv, Bv, t), M(Sz, 

Bv, t), M(Tv, Az, t)}  0. 

i.e., {M(Az, z, t), M(Az, z, t), M(Az, Az, t), M(z, z, t), M(Az, 

z, t), M(z, Az, t)}  0.  

i.e., {M(Az, z, t), M(Az, z, t), 1, 1,  M(Az, z, t), M(z, Az, t)}  

0,  

Now in view of  , we get, Az = z.  

Hence, z  = Az = Sz  and  z  is a common fixed point of A and 

S.Similarly, one can prove that Bv = z is also a common fixed 

point of  B and T. Therefore we conclude that  z  is a common 

fixed point  of A, B, S and T. 

The proof is similar when T(X)  is assumed to be a closed subset 

of  X. The cases in which A(X) or B(X)  is a closed subset of  X  

are similar to the cases in which T(X) or S(X) respectively is 

closed.  

Uniqueness, suppose z w be another fixed point, then from 

(4.3), 

{M(Az, Bw,t), M(Sz, Tw, t), M(Sz, Az, t), M(Tw, Bw, t), 

M(Sz, Bw, t), M(Tw, Az, t)}  0.  

 i.e., {M(z, w, t), M(z, w, t), M(z, z, t), M(w, w, t), M(z, w, t), 

M(w, z, t)}  0. 

 i.e., {M(z, w, t), M(z, w, t), 1, 1, M(z, w, t), M(w, z, t)}  0,  

in view of  , we get  z = w. 

Remark:  Since two noncompatible self-mappings of a fuzzy 

metric space (X,M, ) satisfy property E.A. , we obtain the 

following corollary. 

Corollary 4.2. Let A, B, S and T be self-mappings of a 

fuzzy metric space (X,M, ) satisfying (4.1) and (4.2). Suppose 

that (A, S) or (B, T) are noncompatible and the pairs (A, S) and 

(B,T) are weakly compatible. If the range of one A, B, S and T 

is a closed subset of X, then A, B, S and T have a unique 

common fixed point in X. 

Example 4.4.  Let (X, M, ) be a  fuzzy metric space, where 

X = [0, 1] with continuous t – norm defined by a  b = min{a, 

b}, M(x, y, t) =   , for all x, y  X and t > 0. 

Define  Ax = Bx = 1 and             

         Sx = Tx =             for all x  X. 

Then all the conditions of theorem 4.1 are satisfied with 

                       (t1, t2, t3, t4, t5, t6) = t1  min{t2,t3, t4, t5, t6}.  

Clearly 1 is the unique common fixed point of  A, B, S and T. 

Example 4.5. Let (X, M, ) be a  fuzzy metric space, where 

X = [0, 2) with continuous t – norm defined by a  b = min{a, b} 

and    M(x, y, t) =  , for all x, y  X and t > 0. 

Define  Ax = Bx = 1 and 

 

Sx =   ;       Tx =   

; 

Let  (t1, t2, t3, t4, t5, t6) = t1  min{t2,t3, t4, t5, t6}.  

Then all the conditions of theorem 4.1 are satisfied with A(X) = 

{1}  {1,  } = S(X) . Clearly 1 is the unique common fixed 

point of  A, B, S and T. 

       In our next result, we prove a common fixed point theorem 

for mappings satisfying common property (E.A.). 

Theorem 4.3. :  Let (X,M, ) be a  fuzzy metric space with 

 continuous t-norm. Let A, B, S, T  be self mappings of  X 

satisfying (4.3) .Then A, B, S, T have a unique common fixed 
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point in X, provided the pairs  (A,S) and (B,T) satisfy common 

property (E.A.). T(X) and S(X)  are closed subsets  of  X and the 

pairs (A,S) and (B,T) are weakly compatible. 

Proof: Suppose that (A,S) and (B,T) satisfy a common property 

(E.A.),then there exists two sequences {xn} and {yn},such that 

Bxn = Txn = Syn = Ayn = z for some z in X. 

Since T(X)  and S(X)  are closed subsets  of  X, therefore z = Su 

= Tv for some u,v ∈ X. we claim that Au = z. To prove this, 

replace x by u and y by xn in (4.3) , we have 

{M(Au, Bxn, t), M(Su, Txn, t),M(Su, Au, t), M(Txn, Bxn, t), 

M(Su, Bxn, t), M(Txn, Au, t)}  0 . 

Letting n  and in view of  , we have Au = z = Su. Now 

we prove that Bv = Tv, for this put x = u and y = v in (4.3) , we 

have 

{M(Au, Bv, t), M(Su, Tv, t), M(Su, Au, t), M(Tv, Bv, t), 

M(Su, Bv, t), M(Tv, Au, t)}  0. 

i.e., {M(Tv, Bv, t), M(Tv, Tv, t), M(Tv, Tv, t), M(Tv, Bv, t), 

M(Tv, Bv, t), M(Tv, Tv, t)}  0. 

i.e., {M(Tv, Bv, t), 1, 1,  M(Tv, Bv, t), M(Tv, Bv, t), 1)}  0. 

In view of  , we have Tv = Bv and hence Au =z =Su = Bv = 

Tv. The rest of the proof  follows from theorem 4.1. 

5. CONCLUSION 
The aim of this paper is to strengthen the results and to 

emphasize the role of property E.A. in the existence of common 

fixed points and prove our main result for a pair of weakly 

compatible mappings along with property E.A. 

       Our improvement in this paper is four fold:  

(i) to relax the continuity requirement of maps 

completely, 

(ii) to minimize the commutativity requirement of the 

maps to the point of coincidence, 

(iii) to weaken the completeness requirement of the space, 

(iv) property E.A. buys containment of ranges without any 

continuity requirement to the points of coincidence. 

6. ACKNOWLEDGMENTS 
The second auther is very grateful to UGC for providing Major 

Research Project under Ref. F. No. 39-41/2010(SR). 

7. REFERENCES 

[1] Aamri, M. and Moutawakil, D.El. 2002. Some new 

common fixed point theorems under strict  contractive 

conditions, J. Math. Anal. Appl. 270, 181-188.. 

[2] Abbas, M., Altun, I., and Gopal, D. 2009. Common fixed 

point theorems for non compatible     mappings in fuzzy 

metric spaces, Bull. Of  Mathematical Analysis and 

Applications ISSN, 1821-1291, URL; http: // www. 

Bmathaa.org, Volume 1, Issue 2,  47-56. 

[3] Aliouche, A. 2007. Common fixed point theorems via an 

implicit relation and new properties, Soochow Journal Of 

Mathematics, Voume 33, No. 4, pp. 593-601, October 

2007. 

[4] Cho, Y. J. , Sedghi, S., and Shobe, N. 2009. Generalized 

fixed point theorems for Compatible mappings with some 

types in fuzzy metric spaces, Chaos, Solitons and Fractals, 

39, 2233-2244. 

[5] George, A. , and Veeramani, P. 1997. On some results of 

analysis for fuzzy metric spaces,Fuzzy Sets and Systems, 

90, 365-368. 

[6] Jain, S., Mundra , B.,and Aake, S. 2009. Common fixed 

point theorem in fuzzy metric space using Implicit relation, 

Internat Mathematics Forum, 4, No. 3, 135 – 141. 

[7] Jungck, G. 1996. Compatible mappings and common fixed 

points, Internat J. Math. Math. Sci. 9, 771-779.   

[8] Kaleva, O., and Seikkala, S. 1984. On fuzzy metric spaces, 

Fuzzy Sets Systems 12,  215-229.        

[9] Kramosil, O. , and Michalek, J. 1975.  Fuzzy metric and 

statistical metric spaces, Kybernetika, 11, 326-334. 

[10] Kubiaczyk and Sharma, S. 2008. Some common fixed 

point theorems in menger space under strict contractive 

conditions, Southeast Asian  Bulletin of  Mathematics  32: 

117 – 124. 

[11] Kumar, S. 2011. Fixed point theorems for weakly 

compatible maps under E.A. property in fuzzy metric 

spaces, J. Appl. Math. & Informatics Vol. 29, No. 1, pp. 

395-405 Website: http://www.kcam.biz. 

[12] Mishra, S. N., Sharma, N., and Singh, S. L. 1994. Common 

fixed points of  maps in fuzzy metric spaces, Int. J. Math. 

Math. Sci.,17, 253-258. 

[13] Pant, V. 2006. Contractive conditions and Common fixed 

points in fuzzy metric spaces, J. Fuzzy. Math., 14(2), 267-

272. 

[14] Popa, V. 2000.  A general coincidence theorem for 

compatible multivalued mappings satisfying an implicit 

relation, Demonsratio Math., 33, 159-164. 

[15] Popa, V. 1999. Some fixed point theorems for compatible 

mappings satisfying  on implicit relation, Demonsratio 

Math., 32, 157 – 163. 

[16] Regan, D. O`, and Abbas, M. Necessary and sufficient 

conditions for common fixed point  theorems in fuzzy 

metric spaces, Demonstratio Mathematica, to appear. 

[17] Schweizer, B. , and Sklar, A. 1960. Statistical metric 

spaces, Pacific J. Math., 10, 313-334. 

[18] Sharma, S. 2002. Common fixed point theorems in fuzzy 

metric spaces, Fuzzy Sets and Systems, 127, 345 – 352. 

[19] Singh, B., and Chauhan, M.S. 2000. Common fixed points 

of  compatible maps in fuzzy metric spaces, Fuzzy  Sets 

and Systems, 115, 471-475. 

[20] Turkoglu, D. , and Rhoades, B. E. 2005. A fixed fuzzy 

point for fuzzy mapping in complete metric spaces , Math. 

Communications, 10(2), 115-121. 

[21] Vasuki, R. 1999. Common fixed points for R-weakly 

commuting maps in fuzzy metric spaces, Indian J. Pure 

Appl. Math. 30, 419-423.  

[22] Zadeh, L. A. 1965. Fuzzy sets, Inform. Acad Control, 8, 

338-353. 

 


