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ABSTRACT 
Inventory models in which the demand rates on the inventory 

level are based on the common real life observation that greater 

product availability tends to stimulate more sales. Theory of 

constraints (TOC) is a production planning philosophy that tries 

to improve the throughput of the system management of 

inventory levels.  Due to the existing of inventory levels in a 

production system the demands of all products can not be fully 

met. So one of the most important decisions made in production 

systems is product mix problem. Although many algorithms 

have been developed in the fields using the concept of theory of 

constraints.  This paper benefits from a variety of advantages.  

In order to consider the importance of all inventory levels, group 

decision making approach is applied and the optimal product 

mix is reached.  In the algorithm presented in this paper, each 

inventory level is considered as a decision maker.  The new 

algorithm benefits from the concept of fuzzy group decision 

making and optimizes the product mix problem in inventory 

environment where all parameters are fuzzy values.  
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1. INTRODUCTION 

Theory of constraints (TOC) which has been first introduced in 

the Goal [4] is a production planning philosophy that aims to 

improve the system through put by efficient use of inventory 

levels.   In this paper product mix optimization is considered as 

a decision making problem. Regarding this analogy decision 

making criteria should be first defined [5].  Two important 

criteria are throughput and the later delivery cost.  Later delivery 

cost is the most of mission one unit of each product.   Assuming 

each inventory level as a decision maker [6], product mix 

optimization is a group decision making problem. In all previous 

researchers all parameters (such as processing time, demand etc) 

are assumed as crisp values.   In this paper, a new algorithm is 

developed to optimize the product mix problem with all inputs 

are fuzzy values and Borda methods is used in group decision 

making process as ordinal techniques are preferred to cardinal 

ones [9]. 

 

 

2. ALGORITHMS 

The following notations are used in the new algorithm. 

tij =Processing time of product i on resource j. 

Di = Demand of product i. 

Spi = Selling price of product i. 

Rmi = Raw material cost of product i. 

Acj  = Available capacity of resource j. 

Rcj = Required capacity of resource j. 

n = number of products. 

m = number of inventory levels.  

In this paper, all parameters are considered Trapezoidal fuzzy 

numbers and are shown as (x, y, z, p) where x<y<z<p, y= 1 and          

x = z = 0.   So let define tij, Di, Spi, Rmi, and Acj as follows. 

 
tij = (Lij, Mij, Uij, Vij),  Di = (Li‟, Mi‟, Ui‟, Vij‟)  

Spi = (Ai, Bi, Ci, Di), Rmi = (Ai‟, Bi‟, Ci‟, Dj‟),  

Ac = ( i, i,  i, ψi) 

 
Step – 1:   Identify the system of inventory levels. As tij and Di 

are positive fuzzy numbers, the required capacity of resource j is 

calculated as follows.  
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For simplicity Rc j is shown as  (aj, bj, cj, dj).   In order to 

determine whether „j‟ is an inventory level.   Rcj and Acj are 

compared using fuzzy ranking techniques.   Due to the 

efficiency of ranking of ranking methods based on lest and right 

scores, the method by Chen is applied (Chen and Hwang 1992).    

In this method, right and left scores of a fuzzy number refer to 

its intersection with the fuzzy max and the fuzzy min 

respectively.  The fuzzy max and fuzzy min are defined as 

follows,  

minmax

min
max )(

xx

xx
x  and    

minmax

max
min )(

xx

xx
x          ……………(2) 

 

where xmax is max (bi ,  i ) and xmin (ai ,  i ).   As Rci and Aci are 

trapezoidal fuzzy numbers, they are convex, continuous and 

normal. So their right scores may be determined by taking the 

intersection of their non-increasing part and max(x). Similarly, 

their scores are determined by taking the intersection of their 

non-decreasing part and min (x). As higher right score R (x) 

and lower left score indicate large fuzzy number, the total score 

of   Rc and Ac are defined as follows.  
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If Total  (Rcj) > Total  (Acj), then j is an inventory level.  

 

Step – 2: Form decision matrices. Throughput (Xij) is the first 

criterion considered in optimizing product mix.               It is 

calculated as Xik= Cmi / tij     ……….. (5) Where Cmi is 

determined by the difference of the selling price and raw 

material cost of the product i. 

 
Cmi = (Ai-Ci‟, Bi-Bi‟, Ci-Ai‟)      ..………. (6)   

 

As Cmi and tij are trapezoidal fuzzy numbers, Xik is calculated as 

follows.  

 

Xik = (Ai /Uij, Bi /Mij, Ci /Lij,)      ……….. (7) 

 

 

The other criteria are late delivery cost (Rashidi Komijan and 

Sadjadi 2005).   Although it is a crisp value in most cases, it is 

considered as LDCi (pi, qi, ri). Decision matrix of decision make 

K can be set as follows.  

    DMk =  
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Where rijk is the rank of alternative „i‟ assigned by decision 

maker „k‟ given the criterion „j‟. 

Step – 4:  For each criterion, set an agreed matrix that shows the 

ranks assigned to the alternatives by decision makers.  
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Step – 5:  Form Borda score matrices. 
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Where bijk  = n - rijk 

 

 

Step – 6: Set score matrices by summing the values of each row. 
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Step – 7: Set the agreement matrix. Firstly, values of the score 

matrices should be ranked.  Then the agreement matrix is set by 

aggregating these ranks.  
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Where Gi,1 and Gi,2 are the agreement ranks of alternative „i‟ 

given through put and late delivery cost respectively. 

 

Step – 8: Set the collective weighted agreement matrix.  It is an 

n x n matrix in which rows and columns are alternatives and 

ranks respectively. 
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Where wi is the weight of criteria „j‟ and   Gi‟ℓj = 1 if alternative 

i is assigned rank ℓ given criterion j, otherwise it is zero. 

 

Step – 9: Formulate a mathematical model.  In order to obtain 

final ranks of alternatives, the classical assignment problem is 

considered. This is a zero–one model in which decision variable 

(xiℓ) is one if rank ℓ is assigned to alternative i, otherwise it is 

zero. 
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xiℓ is binary. Solving the above model represents the final 

ranking of alternatives. 

 

3. NUMERICAL EXAMPLE 
A company produces five products a, b, c, d, e.   Demand, 

selling price, raw material cost and delivery cost of the products 

are trapezoidal fuzzy numbers as shown in Table 1. Processing 

time and available capacity are shown in Table 2. 

 

 

Pr

od

uct 

Demand 

Selling 

price 

(dollar) 

Raw 

material 

cost 

(dollar) 

CM 

(SP-

RMC) 

 

Late 

delivery 

cost 

(dollar) 

a (4,6,7,9) (3,5,7,10) (5,7,10,12) (3,4,6,9) 9 

b (2,3,5,9) (5,7,9,13) (4,6,9,12) (5,6,7, 10) 4 

c (7,9,10,12) (6,7,9,10) (7,9,10,13) (6,7,10, 13) 2 

d (4,5,7, 9) (5,7,12,15) (7,9,13,15) (2,4,10, 13) 1 

e (5,7,10,14) (4,10,13,15) (3,7,9,13) (2,3,10, 14) 8 

 
Table – 1   Demand, selling price, Raw material cost of each 

product and late delivery cost. 

 

Station - 1 Station - 2 Station - 3 Station - 4 Station - 5 

(3,7,10,13,1) (4,7,10,14,1) (5,15,20,30) (5,10,15,20) (10,15,20) 

(10,15,20,30) (5,15,20,35) (5,10,15,25) (10,15,20,30) (5,15,20,25) 

(5,10,20,40) (10,15,20,35) (10,15,25,30) (5,10,15,25) (10,15,25,35) 

(10,15,25,30) (10,20,30,40) (5,10,15,25) (10,15,25,35) (15,20,25,40) 

(5,10,15,30) (0,0,0,0) (0,0,0,0) (5,10,15,20) (0,0,0,0) 

 
Table – 2    Processing time of each product. 

 

The available capacity is (300,950,2000,2500), 

(250,1250,3500,4000), (150,650,1200,1800), 

(175,600,1000,1200), (200,350,600,800). 

 

Step - 1:  The required capacity of each station is calculated as 

follows.           

Rc1 =  

e

ai

ii Dt 1   = (275, 900, 1900, 2400) 

Rc2 = 

e

ai

ii Dt 2  = (225, 725, 1800, 2200) 

Rc3 = 

e

ai

ii Dt 3  = (200, 750, 1325, 1365) 

Rc4 = 

e

ai

ii Dt 4 = (275, 900, 2000, 2100) 
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Rc5 =

e

ai

ii Dt 5  = (275, 975, 1825, 2000) 

 
Since Rc2 > Ac2 , Rc3 > Ac3 , Rc5 > Ac5 so stations 2,3 and 5 are 

inventory level but station 1 is not.  It can be easily concluded 

whether station 4 is an inventory level.      Ac4  and Rc4 are 

compared using left and right.  

 

AC4 = x-175,      175 < x < 600 

           -------           max =      x-175 

 425    -------- 

 1000-x     600 < x < 1000  1825 

 --------- 

 400 

 

            1200-x     1000 <x< 1200 

            ---------  

            200 

 

 

 

RC4 = x-275,      275 < x < 900  

          --------              min =    2000-x 

 625                            -------- 

 2000-x      900 < x < 2000    1825 

           ---------- 

 1100 

            2100-x      2000 < x< 2100 

            ---------- 

            100 

 

 

This right score of fuzzy number‟s are the intersecting of their 

non-increasing parts and max (x). 

     Right (Ac4) = 0.42 and Right (Rc4) = 0.53 similarly the left 

and total scores of Rc4 and Ac4 are calculated as. 

      Left (Ac4) = 076 and Left (Rc1) = 0.68,   Total (Ac4) = 0.32 

and Total (Rc4) = 0.41.  So Rc4 is greater then Ac4 and state 4 is 

an inventory level. 

 

Step - 2: Late delivery costs are assumed crisp values; however, 

the algorithm would be efficient, if they were fuzzy. Decision 

matrices are set as follows.  Note that the first column of the 

following matrices are calculated by dividing Cmi into tij. 

 

DM1 =   

e

d

c

b

a

4.275.242.0

8822.25.0

85032.0

5.27.213.236.0

512232.0

 

 

DM2 =   

e

d

c

b

a

8.29242.0

3.5257.028.0

2.4511.242.0

5864.0

 

 

DM3 =   

e

d

c

b

a

7.3

8.6637

9.3234.01.0

4.5501.243.0

3.1213143.0

 

 

DM4 =   

e

d

c

b

a

877.143.0

5289.143.0

44254.0

76.476.135.0

3.23478.0

 

 

DM5 =   

e

d

c

b

a

7076.159.0

6976.09.0

0876.156.0

56581.0

 

 

Step - 3: Ranking alternatives given the first criterion is done by 

applying left and right scores method.  Consider the column of 

DM1.   It is clear that the ranks assigned to c, d, and e is 5, 4, 3.  

So the ranks assigned to „a‟ and „b‟ are 1 and 2 respectively.  

The ordinal rank matrices for DM1 are set as follows. 

 

           R1  =  

e

d

c

b

a

 

331

545

422

153

214

 

           

R2  =  

e

d

c

b

a

 

534

121

212

455

343
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            R3  =  

e

d

c

b

a

 

253

512

121

434

345

 

 

Step - 4: The agreed matrix given thought R1 is set by a 

         R1
1   =  

e

d

c

b

a

 

2443

3134

4551

1222

5315

 

         

         R2
1   =  

e

d

c

b

a

 

2413

5232

1551

4144

3325

 

 

Step - 5: Agreed matrices are converted into Borda score 

matrices 

 

         B1
   =  

e

d

c

b

a

 

2332

3221

1010

0104

4443

 

 

         B2
   =  

e

d

c

b

a

 

3442

0220

1104

2011

4330
 

  

Step - 6:  Score matrices are set by summing the values of each 

row. 

 

                Sm1 =    

e

d

c

b

a

10

6

2

5

15

 

 

                Sm2 =    

e

d

c

b

a

13

4

6

4

10

 

 

Step - 7: In order to get the agreement matrix the values of  Sm1 

and Sm2 are ranked and form the first and second columns of the 

agreement matrix respectively. 

       RG  =  

e

d

c

b

a

12

41

34

55

3.13

 

       

Step - 8: Assume that the weight vectors of criteria are (0.7, 

0.3). The collective weight agreement matrix is set as follows.  

            54321 RRRRR  

      RG  =  

e

d

c

b

a

  

6.03.0000

4.09.03.000

002.000

0003.03.0

0009.06.0

 

                   

or instance a11 = 0.6, a45 = 0.4 because rank 1 is assigned to 

alternative „a‟ given the first criterion. 

 

Step – 9: The assignment modal is formulated as follows.  

 

5121 6.0.........3.09.06.0 ebaa XXXXMaxZ  

 

Subject to 

e

ai

xi 5............3,2,1,1             

Subject to 

5

1

,,,,,1


 edcbaixi  

 

The optimal solution is Xa1 = Xb2 = Xc3 = Xd4 = Xe5 = 1.  It 

means that „a‟ has the highest production priority while„d‟ has 

the lowest one.  

 

4. CONCLUSION 
The improved algorithm benefits from the advantage of reaching 

optimal solution.  In the previous researchers all inputs of the 

were considered as crisp values.  The assumption is not in real 

cases.  This paper considers product mix problem as a group 

decision making problem in which all inputs are fuzzy.  In this 

paper, a new algorithm for optimizing product mix under fuzzy 

parameters is developed.  For this method, ordering methods are 

used in order to make decision in a fuzzy group decision making 

environment.  
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