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ABSTRACT

In this paper, we introduce the concept of an anti M-fuzzy
subgroup of an M-group and lower level subset of an anti M-
fuzzy subgroup and discussed some of its properties.
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1. INTRODUCTION

The concept of fuzzy sets was initiated by Zadeh. Then it has
become a vigorous area of research in engineering, medical
science, social science, graph theory etc. Rosenfeld [5] gave the
idea of fuzzy subgroups. Biswas .R [1] introduced the concept of
anti fuzzy subgroups. N.Palaniappan , R.Muthuraj [6] discussed
some of the properties of anti fuzzy group and its lower level
subgroups. Author N. Jacobson [4] introduced the concept of
M-group, M-subgroup. In this paper, we introduce the concept of
an anti M-fuzzy subgroup of an M-group and lower level subset
of an anti M-fuzzy subgroup and discussed some of its properties.

2. PRELIMINARIES

This section contains some definitions and results to be used in
the sequel.

2.1 Definition
Let X be any non empty set. A fuzzy subset A of X is a function A
:X —[0,1].

2.2 Definition

Let G be a group. A fuzzy subset A of G is called an anti fuzzy
subgroup if for X, y €G,

(M) A(xy) < max { A(X), A(y)},
(i) AT = AX).
2.1 Example

Let G be the Klein 4 — group. Then
G={e,ab,ab}, a=b2=e with ab=ba.

Define a fuzzy subset A of G by,
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A()=0.2,A(@)=0.3 A(b)=04,A(ab) =04.
Clearly A is an anti fuzzy subgroup of G.

2.3 Definition

A group with operators is an algebraic system consisting of a
group G, a set M and a function defined in the product set M x G
and having values in G such that, if ma denotes the element in G
determined by the element a of G and the element m of M, then
m(ab) = (ma)(mb) holds for all a,beGandme M. We
shall use the phrases “G is an M-group” to a group with
operators.

A subgroup H of an M-group G is said to be an
ifmx e HforallmeMandx e H.
2.4 Definition

M-subgroup

Let G be an M-group and A be an anti fuzzy subgroup of G .
Then A is called an anti M-fuzzy subgroup of G if for all X
eGandme M, then A(mx) < A(X).
2.2 Example

Let A be a fuzzy subset of an M-group G, then A is

defined by

03 ifxeG
Al) =

0.8 otherwise.

Then it is easy to verify that A is an anti M-fuzzy subgroup of G.

3. PROPERTIES OF AN ANTI M- FUZZY
SUBGROUPS

In this section, we discuss some of the properties of anti M-fuzzy

subgroup.
3.1 Theorem

If A'is an anti M-fuzzy subgroup of an M-group G, then for any
x,ye G and meM, A(m(xy)) < max { A(mx) , A(my)}.
Proof

Given that A is an anti M-fuzzy subgroup of an
Then, A(m(xy)) = A((mx)(my))

M-group G.
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< max { A(mx) , A(my)},
Hence, A(m(xy)) < max { A(mx), A(my)}.

3.2 Theorem

Let H be an M-subgroup of an M-group G. Define a
fuzyy subset A of G by
ty if xeH
Ax) =

t, otherwise.

Forall x e Gandt; < t,,t, t, € [0,1]. Then A is an anti
M-fuzzy subgroup of G.

Proof
Assume that H be an M-subgroup of an M-group G.
Letx,y € G.

i. Ifx,yeH, thenxy e H.

Clearly, A(x) = t; and A(y) =t; and A(xy) =1, .
Hence A(xy) =t; =max { A(X) , A(y) }.
ii. Ifxe Horye H,thenxy ¢ H.
Therefore, A(X) = t, or A(y) =t, and A(xy) =t, .
Hence A(xy) =t, =max { AX), Ay) }.
iii. Ifxg Hand yg H, thenxy € Horxy ¢ H.
Therefore, A(x) = t, and A(y) =t, and A(xy) =t; or
A(xy) = t.
Hence A(xy) < t, = max { A(X), A(Y) }.
iv. IfxeH,thenx?!eH.
Hence A(x) = t, = A(X™).
v. Ifxe H, then xt ¢ H.
Hence A(X) = t, = A(X™).
Clearly, A is an anti fuzzy subgroup of G.
Since H is an M-subgroup of G, we have mx € Hforallm e M
and x € H.Therefore, A(mx) = t; = A(X).
If X ¢ H, then A(mx) = t, =A(X).
Hence A is an anti M-fuzzy subgroup of G.
3.3 Theorem

Let A be an anti M-fuzzy subgroup of an M-Group G with
identity e. Then A(m(xy™")) = A(e) = A(mx) = A(my) for all
x,yinG.

Proof

Given that A is an anti M-fuzzy subgroup of an
and A(m(xy™)) = Ae).

Then for all x,yinG,

Amx) = Ay~ ')

M-Group G
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A(m(xy )y))

max { A(m(xy ), A(my)},
max { A(e) , A(my)}
A(my).

That is, A(mx) < A(my).

| VAN

Now, A(my) = A((my)"),as Ais an anti M-fuzzy
subgroup of G.
= A(my ),
= A(m ((ey™))
AM(x Xy ),
AMX ' (xy™)),
max{ A(mx ), A(m(xy "))},
max {A((mx)") , A@)},
max {A(mx), A(e)},
A(MX).

IA 1 1
1 1

That is, A(my) < A(mx).

Hence A(mx) = A(my).

3.4 Theorem
A'is an anti M- fuzzy subgroup of an M-Group if and
only if A(m(xy ")) < max {A(mx), A (my)}, for all x, y in G.

Proof

Let A be an anti M-fuzzy subgroup of an M-group G.
Then for all X, y in G,
A (m(xy)) < max {A(mx),A(my)}and A(X) = AX").

Now, A(m(xy') < max {A(mx),A(my ')}

= max {A(mx), A(my)™")}
= max { A(mx) , A(my)}

ifandonly if ~ A(m(xy™")) < max { A(mx ), A(my)}.
3.5 Theorem
The union of any two anti M-fuzzy subgroups of an M-

group G is always an anti M-fuzzy subgroup of an M-group G.
Proof

Let G be an M-group. Let A and B be any two anti
subgroups of G.

Clearly (A U B) is an anti fuzzy subgroup of G.
Now, we have to prove that (A U B) is an anti M-fuzzy subgroup
of G.

Now, (A U B)(mx)

M-fuzzy

= max { A(mx), B(mx) },
< max { AX), B(x) } , as A and B are anti
M-fuzzy subgroups of G,
=(AUB)() .

Hence (AU B)(mx) < (AUB)(X).
That is, (A U B) is an anti M-fuzzy subgroup of G.
3.6 Theorem
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The intersection of any two anti M-fuzzy subgroups of
an M-group G is always an anti M-fuzzy subgroup of an M-group
G.

Proof
Let G be an M-group. Let A and B be any two anti
M-fuzzy subgroups of G.
Clearly (A m B) is an anti fuzzy subgroup of G.
Now, we have to prove that (A n B) is an anti M-fuzzy subgroup
of G.
Now, (AnB)(mx) = min{A(mx), B(mx) },
min { Ax) , B(x) } , as A and B are
anti M-fuzzy subgroups of G,
=(AnB)X) .
Hence (AN B)(mx) < (AN B)(X).

INA

That is, (A n B) is an anti M-fuzzy subgroup of G.

REMARK
Arbitrary union and arbitrary intersection of anti
subgroups are anti M-fuzzy subgroups.

M-fuzzy

4. PROPERTIES OF LOWER LEVEL
SUBSETS OF AN ANTI M-FUZzZY
SUBGROUP OF AN M-GROUP

In this section, we introduce the concept of lower level subset of
an anti M-fuzzy subgroup of an M-group and discuss some of its
properties.

4.1 Definition

Let A be a fuzzy subset of S. For t € [0, 1], the lower

level subset of Alisthe set, A, ={xe S : AK) < t}.

4.1 Theorem

Let A be a fuzzy subset of an M-group G. If A is an anti
M-fuzzy subgroup of G, then the lower Ilevel subsets
A, te Im(A) are M-subgroups of G.
Proof
Lette Im(A)and x,y € A,
Then A(x) =tand A(y) =t.
Given that A is an anti M-fuzzy subgroup of G.
Therefore, A is an anti fuzzy subgroup of G.
Hence A(xy) < max { A(x), A(y) } =t.
That is, A(xy) < t.
That is, xy € A;.
Moreover, if x € A, , then A(xY) =A(x) < t.
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Then, xte A,.

Hence A; is a subgroup of G.

Now, for any x € A; and m € M, then

A(mx) < A(x) <t

Hence mx e A;.

Hence A, is an M-subgroup of G.

4.2 Theorem

Let A b_e a fuzzy subset of an M-group G. If the lower level
subsets A¢, t € Im(A) are M-subgroups of G, then A is an anti M-
fuzzy subgroup of G.

Proof

Let the lower level M-subsets A, , t € Im(A) are M-subgroups of
G.

If there exist X, , Yo € G such that

A(XoYo) = max {A(xo) , A(Yo)}-

Let to= (A(XoYo) + Min{A(xo) , A(Yo)}) /2,

we have A(XgYo) > to > max {A(Xo) ,A(Yo)}

It follows that Xg , Yo € A ,but Xoyo & Ao,

Which is a contradiction to Ay is an M-subgroup of G.

Hence A(xy) < max { Ax), A(®y)}.

Similarly, we have A(x™) = A(x).

Hence A is an anti fuzzy subgroup of G.

Now, suppose , form eM and x €G, A(mx) > A(X).

Let ty= (A(mx) + A(X)) /2.

Then, A(mx) > tg > A(X).

That is, for meM and x e G, then xe Ay, but mx ¢ Ay.

Which is a contradiction to Ay is an M-subgroup of G.

Hence A(mx) < A(X).

Hence A is an anti M-fuzzy subgroup of G.

4.2 Definition

Let A be an anti M-fuzzy subgroup of an M-group G. Then the
M-subgroups A, for te [0,1] and t > A(e), are called lower level
M-subgroups of A.

4.3 Theorem

Let A be an anti M-fuzzy subgroup of a group G. If two lower
level subgroups Ay, Ay, for, t;, t, € [0,1] and t;, t, > A(e) with
t; < t, of A are equal then there is no x in G such that
< AX) <t

Proof

Let Atl = Atz.

Suppose there exists a x € G such that t; < A(X) < t, then
Au c Ac.
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Then x e Ap,but x ¢ Ay,which contradicts the assumption that,

Au = Ap.

Hence there is no x in G such that t; < A(x) < t,.
Conversely let, there isno x in G such thatt; < A(x) < t,.
Since t; < ty, then Auc A

But there isno x in G such thatt; < A(x) <t,, Ap < Au.
Hence Au = Ac.

4.4 Theorem

A fuzzy subset A of G is an anti M-fuzzy subgroup of an

M- group G if and only if the lower level subsets A;, t € Im(A)
are M-subgroups of G.

Proof It is clear.
4.5 Theorem

Any M-subgroup H of a M-group G can be realized as a lower
level M-subgroup of some anti M-fuzzy subgroup of G.
Proof

Let A be a fuzzy subset and x € G.
Define,
0 ifxeH
Ax) =
t ifxg¢ H,wheret €(0,1].
We shall prove that A is an anti M-fuzzy subgroup of G.
Letx,y e G.
i Suppose X, y € H, then xy € Hand xy™* € H.
A(X)= 0, A(y) = 0, A(xy) =0and A(xy™) =0.
Hence A(xy™) < max { A(X), Ay) }.
ii. Suppose x € Hand y ¢ H, then xy ¢ H and xy* ¢ H.
A(X)=0,A(y) =tand A (xy') =t
Hence A (xy™?) < max{A(X),A(y) }.
iii. Suppose x, y ¢ H, then xy™* € Hor xy™® ¢ H.
A(X)=t, A(y) =tand A(xyH) =0 ort.
Hence A (xy™) < max { A(X), Ay) }.
Thus in all cases, A is an anti fuzzy subgroup of G.
i.  Now, for all meM and x eH, then mxeH.
A(x) =0 and A(mx) =0.
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Hence A(mx) < A(x).
ii. Now, forall meM and x ¢H, then mxeH or mxe H.
A(X)=t and A(mx) =0 ort.
Then, A(mx) < A(X).
Thus in all cases, A is an anti M-fuzzy subgroup of G.
For this anti M- fuzzy subgroup, A; =H.

REMARK

As a consequence of the Theorem 4.3 and 4.4, the lower level M-
subgroups of an anti M-fuzzy subgroup A of an M-group G form
a chain. Since A(me) = A(m) < A(mx) for all xinGandm
in M and A(m) = t,, we have the chain :

{e} = AtO C A[l C A[Z (e C Am = G, Where

5. CONCLUSION

In this paper , we define a new algebraic structure of anti M-fuzzy
subgroup of an M-group and lower level subset of an anti M-
fuzzy subgroup and studied some of its properties. Futher, we
wish to define the anti M-fuzzy normal subgroup of an M-group
and its lower level subsets and also the same in Intuitionistic
fuzzy and other some groups are in progress.
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