International Journal of Computer Applications (0975 — 8887)

Volume 3 — No.6, June 2010

On Upper and Lower Faintly ap-Continuous Multifunctions

R.Devi
Associate Professor and Head
Department of Mathematics
Kongunadu Arts and Science
College(Autonomous),
Coimbatore-641029.

ABSTRACT

In this paper we introduce the notion of upper and lower
faintly oawy-continuous multifunctions. The basic properties
and characterizaions of such functions are established.
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1. INTRODUCTION

It is well known that various types of functions play a significant
role in the theory of classical point set topology. A great number
of papers dealing with such functions have appeared, and a good
number of them have been extended to the setting of
multifunctions. This implies that both functions and
multifunctions are important tools for studying properties of
spaces and for constructing new spaces from previously existing
ones. R.Devi et all introduced the con-cept of ay-closed sets [1]
in topological spaces. In this paper, we introduce and study upper
and lower faintly ay-continuous multifunctions in topological
spaces. The main purpose of this paper is to define faintly ay-
continuous multifunctions and to obtain several characterizations
and basic properties of such multifunctions. A subset A of X is
called regular open (resp. regular closed) if and only if A =
int(cl(A)) (resp. A = cl(int(A))). The family of all regular open
subsets of (X, 7 ) form a base for a smaller topology ts on X.

2. PRELIMINARIES

Throughout this paper, (X, 7 ) and (Y, o) (or simply X and Y )
mean topological spaces on which no separation axioms are
assumed unless explicitly stated. For any subset A of X, the
closure and the interior of A are denoted by cl(A) and int(A),
respectively. A point x € X is called a 8-cluster point of A if
cl(V )NA # ¢ for every open subset V of X containing x. The set
of all 0-cluster points of A is called the 0-closure of A and is
denoted by clg(A). If A =cly(A), then A is said to be 0-closed [3].
The complement of a 0-closed set is said to be 6-open. Clearly, A
is 0-open if and only if for each x € A, there exists an open set U
such that x € U C cl(U) C A. A subset A of (X, ) is said to be
ay-closed [1] if wel(A) C U, whenever A C U and U is a-open .
The complement of a ayy-closed set is called ay-open. The family
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of all ay-open subsets of (X, t ) will be denoted by ayO(X). By
a multifunction F : X — Y , we mean a point to-Set
correspondence from X into Y , also we always assume that F (x)
# ¢ for all x € X. For a multifunction F : X — Y, the upper and
lower inverse of any subset A of Y are denoted by F *(A) and
F(A) respectively, where F *(A) ={x€ X : F(x) C A}and F
(A) = {xeX : FX)NA # ¢ }. Inparticular, F "(y) = X€
X :ye€ F (x) for each pointy € Y . A multifunction F : X — Y is
said to be surjective if F (X) =Y . A multifunction F: (X, t) —
(Y, o) is said to be lower awy-continuous (resp. upper oy-
continuous) multifunction if F (V) € ayO(X) (resp. F *(V) €
ayO(X)) for every V € o.

3. FAINTLY
MULTIFUNCTIONS
3.1 Definition

A multifunction F : X — Y s said to be:

AY-CONTINUOUS

(i) upper faintly ay-continuous at x € X if for each 8-open
subset V of Y containing F (x), there exists U &
ayO(X) containing x such that F (U) C V;

(ii) lower faintly ay-continuous at x € X if for each
0-open subset V of Y such that F (x) NV # ¢, there
exists U € ayO(X) containing x such that F (u) NV #
¢ foreveryu e U;

(iii) upper (resp. lower) faintly ay-continuous if it is upper
(resp. lower) faintly oy-continuous at each point of X.

3.2 Remark

Since every 6-open set is open, it is clear that every
upper (lower) ay-continuous multifunction is upper (lower)
faintly ay-continuous. However, the converse is not true as the
following simple example shows.

3.3 Example

Let X = {a,b,c}, 1 = {X,0,{b}}, 6 = X, 0,
{a}}. Then the multifunction F : (X, © ) — (X, o) defined by F
(x) = {x} is upper (lower) faintly ayy-continuous (observe that the
only 6-open subsets of (X, t ) are X and ¢, so we may take U =X
in the definition of an upper (lower) faintly ay-continuous
multifunction). However, F is not upper (lower) oy-continuous
(observe that F *({a}) = F "({a}) = {a} is not ay-open in (X, 1)).
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3.4 Theorem

For a multifunction F : X — Y , the following are
equivalent:

(i) F is upper faintly ay-continuous;

(ii) For each x € X and for each 6-open set V such that
X € F *(V), there exists a ay-open set U containing x
such that U C F*(V);

(iii) For each x € X and for each 6-closed set V such that
X € F*(Y — V), there exists a ay-closed set H such that
Xe€ X-HandF (V) CH;

(iv) F*(V)is ay-open for any 6-open subset V of Y;
(v) F (V) is ay-closed for any 0-closed subset V' of Y;

(vi) F (Y —V)is ay-closed for any 0-open subset V of
Y;

(vii) F*(Y — V) is ay-open for any 0-closed subset V of
Y.

Proof

(i) < (ii): Clear.

(ii) < (iii): Let x € X and V be a 6-closed subset of Y such that
X € F*(Y V). By (ii), there exists a ay-open set U containing
x suchthat U C F*(Y -V ). Thus F (V) C X — U. Take H =X

— U. Then x € X — H and H is ay-closed. The converse is
similar.

(i) & (iv): Let x € F (V) and V be a 6-open subset of Y . By
(1), there exists a ay-open set Uy containing x such that Uy C F
*(V). Thus, F *(V) = Uxer +v ) Ux. Since any union of ay-open
sets is ay-open, F *(V ) is oy-open. The converse is clear.

(iv) < (vii) and (v) < (vi): Clear.
(iv) < (vi): Follows from the fact that F (V) =X —F *(Y -V).

3.5 Theorem

For a multifunction F : X — Y , the following are
equivalent:

(i) F islower faintly ayy-continuous;

(ii) For each x € X and for each 6-open set V such that XE
F~(V), there exists a ay-open set U containing x such that
UCF(V);

(iii) For each x € X and for each 6-closed set V such that F
(Y - V), there exists a ay-closed set H such that x € X
—-Hand F*(V) C H;

(iv) F7(V) is ay-open for any 6-open subset V of Y ;
(v) F*(V)is ay-closed for any 0-closed subset VV of Y ;
(vi) F*(Y — V) is ay-closed for any 6-open subset V of Y ;
(vii) F (Y — V) is ay-open for any 0-closed subset V' of Y.
Proof.
Similar to that of Theorem 3.4.
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3.6 Theorem

Suppose that (X, t) and (X ;) are topological
spaces where i € I. Let F: X— IT; < X; be a multifunction
from X to the product space IT; < Xjand let Pi: ITi <1 Xj — Xi
be a projection multifunction for each i € I which is defined by P;

((x3)) = {xi}. IfF is upper (lower) faintly oy-continuous, then P;
o FF is upper (lower) faintly ay-continuous for eachi < I.

Proof

Let Vibe a 6-open set in (X, <i). Then (Pi o F) (V) =
F'(P"i (Vi) =F"(Vi x I1jsX;) (resp. (Pi o F) (Vi) = F (P7i (Vi) =
F (Vi x ILixX; )). Since F is upper (lower) faintly ay-continuous
and since Vi x ITi+X; is a 6-open set, it follows from Theorems
3.4 and 3.5 that F*(Vi x ILsX; ) (resp. F (Vi x T1izX;)) is a awy -
open set in (X, t ). Hence again by Theorems 3.4 and 3.5, Pio F
is upper (lower) faintly oy -continuous for each i < I.

3.7 Corollary

Let F : X — Y be a multifunction. If the graph
multifunc-tion Gr of F is upper (lower) faintly oy-continuous,
then F is upper (lower) faintly ay-continuous, where Gg : X — X
xY, Gr (X) = {x} x F (x).

3.8 Corollary

Suppose that (X, t ), (Y, o), (Z, n) are topological
spaces and F1 : X — Y, F2 : X — Z are multifunctions. Let F; x
F2 : X > Y x Z be the multifunction defined by F1 x Fa(X) =
Fi(X) x Fa(x) for each x € X. If F1 x F; is upper (lower) faintly
ay-continuous, then F; and F, are upper (lower) faintly oy-
continuous.

The following lemma can be easily established.

3.9 Lemma

If AxB e ayOX x YY), then A € ayO(X) and B e
ayO(Y ).

3.10 Theorem

Suppose that (Xi, i) and (Yi, oi) are topological spaces
for each i e I. Let Fj : X; — Yj be a multifunction for each i |
and let F : IT j <1 Xi —IT j < Yibe the multifunction defined by
F((xi)) = II i ¢ 1 Fi(x). If F is upper (lower) faintly oy-
continuous, then F; is upper (lower) faintly ay-continuous
for each i el

Proof

Let Vi be a 0-open subset of Yi. Then Vi X IT j% X;
is a 6-open set. Since F is upper (lower) faintly ay-continuous, it
follows from Theorems 3.4 and 3.5 that F *(Vi x IT 5 Yj ) =
Fi'(Vi) X IT s Xj (resp. F (Vi x TT 3 Yj) = Fi (Vi) X I j X ).
Consequently, it follows from Lemma 3.9 that Fi*(Vi) (resp. F
“(Vj)) is a ay-open set. Thus again by Theorems 3.4 and 3.5, Fi is
upper (lower) faintly oy-continuous for each i € I.
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3.11 Corollary

Suppose that F1 : X3 — Y3, F2 1 X2 — Y2 are multifunctions.
If F1 xF; is upper (lower) faintly ay-continuous, then F; and F,
are upper (lower) faintly oy-continuous, where F1 X F; is the
product multifunction defined as follows: F1 x F; : X1 X X; — Y31
x Y2, F1 X Fa((X1, X2)) = F1(X1) X Fa(x2), where x; € X; and x; €
Xa.

Recall that a multifunction F : X — Y is said to be
punctually closed if for each x € X, F (x) is closed. Recall also
that a space X is called 6-normal if for any disjoint closed
subsets F1, F2 of X, there exist two disjoint 6-open subsets V1, V2
of X containing F1, F, respectively.

3.12 Definition

A topological space (X, t) is said to be ay-T (resp. 6-
T, [5]) if for each pair of distinct points x and y of X, there exist
disjoint any-open (resp. 6-open) subsets U and V of X containing
x and y, respectively.

3.13 Theorem

Let F : X — Y be an upper faintly ay-continuous
multi-function and punctually closed from a topological space X
into a 6-normal space Y such that F (x) N F (y) = ¢ for each pair
of distinct points x and y of X. Then X is ay-Ta.

Proof

Let x and y be any two distinct points of X. Then F
(xX)NF (y) = . Since Y is 6-normal and F is punctually closed,
there exist disjoint 6-open sets U and V containing F (x) and F
(y), respectively, but F is upper faintly ay-continuous, so it
follows from Theorem 3.4 that F *(U) and F *(V ) are disjoint
ay-open subsets of X containing x and y, respectively. Hence, X
is ay-To.

3.14 Definition

A topological space (X, t) is said to be 6-compact [5]
(resp. ay-compact) if every 8-open (resp. oy-open) cover of X
has a finite subcover. A subset A of a topological space X is said
to be B-compact relative to X if every cover of A by 6-open
subsets of X has a finite subcover of A.

3.15 Theorem

Let F : X — Y be an upper faintly ay-continuous
surjec-tive multifunction such that F (x) is 6-compact relative to
Y for each x € X. If X is ay-compact, then Y is 6-compact.

Proof

Let V, : o € A be a 6-open cover of Y . Since F (X) is
0-compact relative to Y for each x € X, there exists a finite
subset A(x) of A such that F (X) C UseaxVa PUt V (X) =
Uaeam Ve Then V (x) is a 0-open subset of Y containing F (X).
Since F is upper faintly ay-continuous, it follows from The-orem
3.4 that F "(V (x)) is a ay-open subset of X containing {x}.
Thus the family {F *(V (X)) : x € X} is a ay-open cover of X,
but X is ay-compact, so there exist X1, Xz, ..., Xn € X such that X
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= U"aF "(V (xi). Hence, Y = F (U"=1F *(V (X)) = U"iaF (F
+(V (x))) € UNaV (x) = Ui Useaxi) Vo Hence, Y is 6-
compact.

For a given multifunction F : X — Y , the graph
multifunction Gr : X — X x Y is defined as Gr (X) = {x} X F (X)
for every x € X. In [4], it was shown that for a multifunction F :
X—>Y,GHAxB)=ANF (B)and GKHAxB)=ANF (B)
where A € X and B € Y . A multifunction F : X — Y is said to
be a point closed if and only if for each x € X, F (x) is closed in
Y.

3.16 Definition

Let F : X — Y be a multifunction. The multigraph
G(F)={(x,y):y € F(x), x € X} of F is said to be any-6-closed
if for each (X, y) € (X x Y ) — G(F ), there exist a oy-open set U
and a 8-open set V containing x and y, respectively, such that (U
xV)YNGF)=9,ie. F(UNV=g.

3.17 Theorem

If the graph multifunction F : X — Y is upper (lower)
faintly ay-continuous, then F is upper (lower) faintly owy-
continuous.

Proof

We shall only prove the case where F is upper faintly
ay-continuous. Let X € X and V be a 6-open set in Y such that x
EF* (V). Then GE )NX XY )=({x} xFx) N (X xY)={x
}x(F(x) N V)#¢and X x Vis 6-open in X x Y by Theorem 5
in [3]. Since the graph multifunction Gg is upper faintly oy-
continuous, there exists an open set U containing x such that z €
U implies that Gr (z)N(X xV ) # ¢. Therefore, we obtain
UcS Ge(XxV)=F*V) € ayO(X) from the above equalities.
Consequently, F is upper faintly ay-continuous.

3.18 Theorem

Let F: X — Y, be a point closed multifunction. If F is
upper faintly owy-continuous and assume that Y is regular, then
G(F ) is 6-closed with respect to X.

Proof

Suppose (x, y) €/ G(F ). Then we have y €/ F (X).
Since Y is regular, there exist disjoint open sets V1, V7 of Y such
that y € Vi and F (X) € V2. By regularity of Y, V> is also 6-open
inY . Since F is upper faintly ay-continuous at X, there exists an
ay-open set U in X containing x such that F (U) < V.
Therefore, we obtain x € U,y € Viand (x,y) € U x V3 < (X x
Y ) — G(F ). So G(F ) is 0-closed with respect to X.

3.19 Theorem

Let F: (X, 1) — (Y, o) be a point closed set and upper
faintly awy-continuous multifunction. If F satisfies x1 # X2 = F
(x1) #F (x2) and Y is regular space, then X will be Hausdorff.

Proof
Let x1, x2 be two distinct points belong to X, then
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F (x1) #F (x2). Since F is point closed and Y is regular, for all y
€ F (x1) with y ¢ F (X2), there exists 6-open sets Vi, V;
containing y and F (x2) respectively such that V1 NV, = ¢. Since
F is upper faintly ay-continuous and F (X2) < Vo, there exists an
open open set U containing x; such that F (U) < V,. Thus xi ¢
U. Therefore, U and X — U are disjoint open sets separating x1
and xa.

3.20 Theorem

If a multifunction F : X — Y is upper faintly ay-continuous such
that F (x) is 6-compact relative to Y for each x € X and Y is 6-
T, then the multigraph G(F ) of F is ay-0-closed.

Proof

Let(x,y) € (XxY)—G(F). Theny € Y — F (x). Since Y is 6-
T,, for each z € F (x), there exist disjoint 8-open subsets U(z)
and V (z) of Y containing z and y, respectively. Thus {U(z) : z €
F (x)} is a 6-open cover of F (x), but F (x) is 6-compact relative
to Y , so there exist zi, zp, ..., zZo € F (X) such that F (X) C
U"izU(z). Put U = U"i21U(zj) and V = N"1V (z)). Then U and V
are 0-open subsets of Y suchthat F (x) CU,yC VandUNV =
¢. Since F is upper faintly ay-continuous, it follows from
Theorem 3.4 that F *(U) is a ay-open subset of X. Also x € F
*(U)since F(x) cUand F (F*(U)) N V=¢ since UNV = g.
Hence, G(F ) is ay-0-closed.
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