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ABSTRACT

The objective of this paper is to obtain the properties of ay-
compact spaces by using nets, filterbase,  ay-complete
accumulation points and so on. We also investigate some
properties of ay-continuous multifunctions and owy-compact
spaces in the context of multifunction.
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1. INTRODUCTION

It is well-known that the effects of the investigation of
properties of closed bounded intervals of real numbers, spaces
of continuous functions and solutions to differential equations
are the possible motivations for the formation of the notion of
compactness. Compactness is now one of the most important,
useful, and fundamental notions of not only general topology,
but also of other advanced branches of mathematics. Recently
R.Devi et al. [3] introduced and investigated the concepts of
ay-US spaces, awy-convergence, sequential ayO-compactness,
sequential ay-continuity and sequential oawy-sub-continuity. A
space X is awy-compact if every aw-open cover of X has a
finite subcover. Since every open sets is an owy-open set, it
follows that every ay-compact space is compact.

It is the objective of this paper to give some characterizations
of ay-compact spaces in terms of nets and filterbases. We
also introduce the notion of ay- complete accumulation
points by which we give some characterizations of awy-
compact spaces. By introducing the notion of 1-lower (resp. 1-
upper) ay-continuous functions and considering the known
notion of 1-lower (resp. 1-upper) compatible partial orders,
we investigate some more properties of ay-compactness. We
also investigate  ay-compact spaces in the context of
multifunctions by introducing 1- lower (resp. 1-upper) ow-
continuous  multifunctions.  Lastly we also obtain some
characterizations of ay-compact spaces by using lower (resp.
upper) precontinuous multifunctions due to Popa [8]. In this
paper we are working in ZFC.

2. PRELIMINARIES

Throughout the present paper, (X, t) and (Y,o) (or simply X
and Y) denote topological spaces. Let A be a subset (X, 7). We
denote the interior and the closure of a set A by int(A) and
cl(A), respectively. A subset A of a space X is said to be a-
open [7] if A cint(cl(int(A))). A subset A of a space X is said

to be semi-open [6] if A < cl(int(A)). A subset A of a space X
is said to be semi generalized-closed [2] if scl(A) < U whenever
A c U and U is semi-open. A subset A of a space X is said to
be wy-closed [9] if scl(A) < U whenever A < U and U is sg-
open. A subset A of a space X is said to be ay-closed [4] if
ycl(A) < U whenever A € U and U is a-open. The union of
two awy-closed set is an ay-closed set. The complement of a
ay-closed set is said to be ay-open. The intersection of all
ay-closed sets of X containing A is called oy-closure of A
and is denoted by aycl(A). The union of all ay-open sets of
X contained in A is called ovy-interior of A and is denoted by
ayint(A). If A < aycl(A) < cl(A). The collection of all
ay-closed (resp. awy-open) subsets of X will be denoted by
ayC (X) (resp. ayO(X)). We set ayC (X, x) ={V € ayC
(X) :x € V}for x € X. We define similarly ayO(X, x). Let
p be a point of X and N be a subset of X is called an ay-
neighbourhood of p in X [3] if there exists an oy-open set O
of X such that p € O =N.

Recall that a function f : X — Y s said to be ay-
continuous [4] if the inverse image of each open set in Y is
ay-open in X,

Let A be a directed set. Now we introduce the following
notions which will be used in this paper. A net & = {Xq :

a € A} ay-accumulates at a point x € X if the net is
frequently in every U € ayO(X, x), i.e. for each U &
ayO(X, x) and for each ag € A, there is some o > o such

that Xy € U. The net & ay-converges to a point x of X if it

is eventually in every U € ayO(X, X). We say that a
filterbase ® = {F¢ :a € T'} ay-accumulates at a point x €

X ifx € nger ayCI(Fy). Given a set S with S C X, a
ay-cover of S is a family of ay-open subsets Uy of X for
each a € | such that S C Uge| Uy . A filterbase © =
{Fq :a € I'} ay-converges to a point x in X if for each
U € ayO(X, Xx), there exists an Fg in © such that Fg
cUu.

Recall that a multifunction (also called multivalued function
[1)F onaset Xinto a set Y , denoted by F : X — Y, isa
relation on X into Y, i.e. F € X XY.

Let F : X — Y be a multifunction. The upper and lower
inverse of a set V of Y are denoted by F +(V) and F~ (V):

FY(v)={xe X :F(x) <V}and



FT(V)={x £ :F(X)nV =¢}

3. CHARACTERIZATIONS OF aw-
COMPACT SPACES

3.1 Definition

A point x in a space X is said to be a oay-complete
accumulation point of a subset S of X if Card(S nU) =C
ard (S) for each U e ayO(X, x), where Card (S) denotes
the cardinality of S.

3.2. Example

Let X = {a,b,c} with the topology t = {X, ¢,{a,
b}}. Observe that both a and c are ay-complete
accumulation points of {a}. Notice that b is not an oy-

complete accumulation point of {a}.

3.3. Definition

In a topological space X, a point x is said to be an ay-
adherent point of a filterbase ® on X if it lies in the
ay-closure of all sets of ®.

3.4. Theorem

A space X is ay-compact if and only if each infinite
subset of X has a ay-complete accumulation point.

Proof.

Let the space X be ay-compact and S an infinite subset of
X. Let K be the set of points x in X which are not ay-
complete accumulation points of S. Now it is obvious that
for each point x in K, we are able to find U(x) e ayO(X,
X) such that Card(S n U(x)) = Card(S). If K is the whole
space X, then ® = {U(x) : x € X} is a ay-cover of X.
By the hypothesis X is awy-compact, so there exists a finite

subcover ¥ = {U(xj)}, where i =1,2,...,n suchthat S C «__

{Uxj)nS :i=1,2,...,n} Then Card(S) = max{Card(U (Xj
)N S): i =12, .., n} which does not agree with what we

assumed. This implies that S has an gy-complete

accumulation point. Now assume that X is not ay-compact
and that every infinite subset S < X has an ay-complete
accumulation point in X. It follows that there exists an
ay-cover = with no finite subcover. Set 8 = min {Card(®)
:® C =, where @ is an ay-cover of X}. Fix ¥ C =
for which Card(¥) =& and U{U : U e ¥} = X. Let N
denote the set of natural numbers. Then by hypothesis § >
Card(N ). By well-ordering of ¥ by some minimal well-

ordering “~’suppose that U is any member of ¥. By
minimal well-ordering “~” We have Card({V :V e ¥,V Since
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¥ can not have any subcover with cardinality less than 3,
then for eachU € W we have X # «{V :V € ¥,V~ U}L
For each U e ¥, choose a point X(U) € X — 4V «Px(V
)}:V e ¥,V ~U} We are always able to do this if not one
can choose a cover of smaller cardinality from ¥. If H =
{x(U) : U e ¥}, then to finish the proof we will show that
H has no ay-complete accumulation point in X. Suppose
that z is a point of the space X. Since ¥ is a ay-cover of X
then z is a point of some set W in W. By the fact that U~V we
have that x(U) e W. It follows that T = {U : U ¢ ¥ and

XU) e Wc{v :V ¢ ¥V~ W} BuCard(T) <3.
Therefore Card(H NnW) < . But Card(H) = 6 = Card(N)

since, for two distinct points U and W in ¥, we have x(U) #
X(W). This means that H has no ay-complete accumulation
point in X which contradicts our assumptions. Therefore X is
oy -compact.

3.5. Theorem
For a space X the following statements are equivalent:

(i) X is ay-compact;

(i) Every net in X with a well-ordered directed set as its

domain ay-accumulates to some point of X.

Proof.

(i) = (ii): Suppose that X is oy-compact and & =
{Xq : o e A} anet with a well-ordered directed set A as
domain. Assume that & has no ay- adherent point in X.
Then for each point x in X, there exist V (x) € ayO(X, X)
and an a(x) € A such that V(X) n{Xg :0a = a(X)} =
¢. This implies that {Xa o = a(X)} is a subset of X —V
(). Then the collection C ={V (x) : x € X} s a ay-cover
of X. By hypothesis of the theorem, X is ay-compact and
so C has a finite subfamily {V (xj)}, where i = 1,2,...,n
such that X = «{V¥ (Xj)}. Suppose that the corresponding
elements of A be {a(xj)}, where i = 1,2, ..., n. Since A is
well-ordered and {o(xj)}, where i = 1,2,...,n is finite, the
largest element of {a(xj)} exists. Suppose it isfa(xj)}. Then
for y > {a(xj)}, we have {xg : 86 = y}c Ai=1i(X —V (X)) =
X =1V (xj) = ¢, which is impossible. This shows that &
has at least one ay-adherent point in X.

(i) = (i): Now it is enough to prove that each infinite
subset has an ay- complete accumulation point by utilizing
Theorem 3.4. Suppose that S c X isan infinite subset of
X. According to Zorns Lemma, the infinite set S can be
well-ordered. This means that we can assume S to be a net
with a domain which is a well-ordered index set. It follows
that S has a ay-adherent point z. Therefore z is an ay-

complete accumulation point of S. This shows that X is awy-
compact.

3.6. Theorem

A space X is ay-compact if and only if each family of ony-
closed subsets of X with the finite intersection property has a
nonempty intersection.



Proof
Straightforward.

3.7. Theorem
A space X is ay-compact if and only if each filterbase in
X has atleast one oy-adherent point.

Proof.

Suppose that X is ay-compact and ® = {Fy :a e '} isa
filterbase in it. Since all finite intersections of Fg ’s are non-
empty, it follows that all finite inter- sections of ayCI(Fg)’s
are also non-empty. Now it follows from Theorem 3.6 that
Naer owCI(Fg) is non-empty. This means that ® has at
least one ay-adherent point. Now suppose © is any family of

ay-closed sets. Let each finite intersection be non-empty. The
sets Fg with their finite intersection establish a filterbase ©.

Therefore, © ay-accumulates to some point z in X. It

follows that z e Nger Fo- Now we have, by Theorem 3.5,
that X is awy-compact.

3.8. Theorem
A space X is ay-compact if and only if each filterbase on
X, with atmost one ay-adherent point, is oy-convergent.
Proof.
Suppose that X is ay-compact, x is a point of X, and O is
a filterbase on X. The awy-adherence of ® is a subset of
{x}. Then the oy-adherence of ® is equal to {x} by
Theorem 3.7. Assume that there exists a V « ayO(X, X)
such that for all F € ®,F n (X —V) is non-empty. Then ¥
={F—V ! F € ®}is afilterbase on X. It follows that the
ay-adherence of W is non-empty. However,
NFeo ayCI(F —V) c (nFe@ ayCI(F)) n(X —V) = {x}
N (X —V) = ¢. But this is a contradiction. Hence, for each

V e ayO(X, x), there exists an F € © with F c V. This
shows that ® awy-converges to x.

To prove the converse, it suffices to show that each filterbase
in X has at least one ay-accumulation point. Assume that
® is a filterbase on X with no ay- adherent point. By
hypothesis, ® oy-converges to some point z in X. Suppose
Fo is an arbitrary element of ®. Then for each V €

ayO(X, z), there exists an Fp € © such that Fp cV
Since © is a filterbase, there exists a y such that FY C
Fa NFg € Fg NV, where Fy is non-empty. This means
that Fq, NV is non-empty for every V e ayO(X, z) and
correspondingly for each a, z is a point of ayC I(Fg ). It
follows that z € Ny ayC I(Fy ). Therefore, z is a ay-

adherent point of ® which is a contradiction. This shows that
X is ay-compact.

4. aywy-COMPACTNESS AND 1-
LOWER AND 1-UPPER aw-
CONTINUOUS FUNCTIONS

In this section we further investigate properties of ay-
compactness by 1-lower and 1-upper ay-continuous functions.
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We begin with the following notions and in what follows R
denotes the set of real numbers.

4.1. Definition

A function f : X — R is said to be 1-lower (resp. 1-
upper) owy-continuous at the point y in X if for each L > 0,
there exists a ay-open set U(y) € ay(X, y) such that f(x)
> f(y) — A (resp. f(x) > f(y) + 1) for every point x in U
(y). The function fis 1-lower (resp. 1-upper) oy-continuous
in X ifit has these properties for every point x of X.

4.2. Theorem

A function f : X — R is 1-lower ay-continuous if and
only if for each n &R, the set of all x such that f(x) <n is
oy-closed.

Proof.

It is obvious that the family of sets t = {(1,®) : n € R}
w R estab- lishes a topology on R. Then the function f is 1-
lower ay-continuous if and only if f : X — (R, 1) is ay-
continuous.  The interval (—oo, n] is closed in (R, 7). It

follows that f_l((—oo,n]) is ay-closed. Therefore, the set

of all x such that f(x) < n is equal to f_l((—oo, n]) and
thus, is ony-closed.

4.3. Corollary
A subset S of X is ay-compact if and only if the
character- istic function Xg is 1-lower ouy-continuous.

4.4. Theorem

A function f : X — R is l-upper ay-continuous if and
only if for each n € R, the set of all x such that f(x) = is
oy-closed.

4.5. Corollary
A subset S of X is ay-compact if and only if the character-
istic function Xg is 1-upper oy-continuous.

4.6. Theorem

If the function F(x) = supje] Fj(X) exists, where fj, are 1-
lower ay-continuous functions from X into R, then F(x) is 1-
lower ay-continuous.

Proof.

Suppose thatn € R. Let F(x) <nand therefore foreveryi e |
, Fi(X) <n. It is obvious that {x € X : F(X) < n} = njey
{x e X : fj(x) < n} Since each fj is 1-lower ay-
continuous, then each set of the form {x € X : fj(x) < n}
is ay-closed in X by Theorem 4.2. Since an arbitrary
intersection of ay-closed sets is ay-closed, then F (x) is 1-
lower ay-continuous.

4.7. Theorem

If the function G(x) = infje| fj(x) exists, where fj, are 1-
upper ay-continuous functions from X into R, then G(x) is
1-upper owy-continuous.

4.8. Theorem
Let £ : X — R be a 1-lower ay-continuous function,



where X is ay-compact. Then f assumes the value m =
infyxex F(X).

Proof.

Suppose n > m. Since T is 1-lower ay-continuous, then the
set KM) ={x e X : f(x) <n}is a non-empty ay-closed set
in X by the infimum property. Hence, the family {K(®) : n
> m} is a collection of non-empty ay-closed sets with finite
intersection property in X. By Theorem 3.6, this family has
non-empty intersection. Suppose z e Mn>m K(n). Therefore,

f(z) = m as we wished to prove.

4.9. Theorem

Let f : X — R be a 1-upper ay-continuous function,
where X is a ay-compact space. Then f attainsthe value m
= supxex f(x).

Proof.

The proof is similar to the proof of Theorem 4.7. It
should be noted that if a function f at the same time
satisfies conditions of Theorem 4.6 and Theorem 4.7, then

f is bounded and attains its bound.

5. ay-COMPACTNESS AND aw-
CONTINUOUS MULTIFUNCTIONS

In this section, we give some characterizations of oy-compact
spaces by using lower (resp. upper)  awy-continuous
multifunctions.

5.1. Definition

A multifunction F : X — Y is said to be lower (resp.

up- per) ay-continuous if X —F (S) (resp. F (S)) is ay-
closed in X for each open (resp. closed) set Siin Y.

For the following two lemmas we shall assume that if ayC
I(A) = A, then Aisis ay-closed.

5.2. Lemma
For a multifunction F : X — Y, the following statements
are equivalent:

(1) F is lower ay-continuous;

(2) Ifx e F~ (V) for a point x in X and an openset UcCY ,
then V c F — (U) for some V. eoyO(x);

(3) Ifx ¢F+(D) for a point x in X and a closed set D cY ,

then FY (D) cK
for some ay-closed set K with x ¢ K;

(4) F~ (V) € ayO(X) for each open set U C Y.

Proof.
(1)=(4): Let U be any open set in Y. By (1), X —F (U) is
ay-closed in X and hence F (U) € ayO(X).

(4)=(2): Let U be any open set of Y and x € F (U).
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By (4), F(U) <«yO(X). Put V.=F (U). Then V e
ayO(X)and V cF ™ (U).

(2)=(3): Let D be closed in Y and x F+(D). Then Y —D
is open in yand x € X — FY({D) = F (X —D). Therefore,
There exists V. eayO(x) suchthat V. c F~ (U). Now, put
K =X —V , then X¢ K is ay-closed and K =X —V D> X
F~(Y—D) =F*(D).

(3)=(1): We show that F +(H) is ay-closed for any closed
set H of Y . Let H be any closed set and xg |:+(|-|), By
(3) there exists an ay-closed set K such that xg¢ K and F*
(H) € K, hence F¥(H) c ayCIFY(H)) c K. Sincex ¢ K
, we have X ¢ ayCI(F ¥ (H)). This implies that ayCI(F * (H
) € FE1(H). In general, we have F ¥ (H) c ayCIF *(H))

and hence F ™ (H) = ayCI(F " (H)). Hence F ¥ (H) is ay-
closed for any closed set H of Y.

5.3. Lemma
For a multifunction F : X
statements are equivalent:

— Y, the following

(1) F is upper oy-continuous;

(2 Ifx e F+(V) for a point x in X and an open set V C
Y, then F(U) c Vv forsome U e ayO(X);

(3) If xgF (D) for a point x in X and a closed set D C
Y, then F~ (D) c K for some ay-closed set K with xgK

’

4) F+(U) eayO(X ) for each open set U C Y.

Proof.
(1)=(4): Let U be any open set in Y. Then Y —U is
closed. By (1), F ~ (Y =U) =X —F " (U) is ay-closed in
X and hence F+(U) e ayO(X).
(4)=(2): Let V be any open set of Y and x e F+(V).
By (4), FT(V) <ayO(X). Put U=FT (V). Then U e
ayO(X ) and F(U) cV.
(2)=(3): Let D be closed in Y and xgF (D). Then Y —
D is open andX € X —F (D) = F (Y —=D). By (2),

there exists U € ayO(X ) such that F(U) € Y — D. Now,
put K = X —U, thenxe K, K is ay-closed and K =X

—UDX—F*(Y -D) =F (D).

(3)=(1): We show that F (H) is ay-closed for any closed
set H of Y . LetH be any closed set and x¢ F~(q). By



(3), there exists an ay-closed set K Such that xgKand F
"(H) cK, hence F (H) cayCI(F (H)) cK. Sincex ¢ K,
we have X ¢ ayCI(F (H)). This implies that ayCI(F (H))
CF (H). In general, we have F (H) cayCI(F (H)) and

hence F - (H) = ayCI(F (H)). Hence F ~(H) is ay-closed for
any closed set H of Y.

5.4. Theorem

The following two statements are equivalent for a space X:
(1) X is ony-compact.

(2) Every lower awy-continuous multifunction from X into
the closed sets of a space assumes a minimal value with
respect to set inclusion relation.

Proof.

D)=(2): Suppose that F is a lower ay-continuous
multifunction from X into the closed subsets of a space Y.
We denote the poset of all closed subsets of Y with the set
inclusion relation ” < ” by A. Now we show that F : X —
A is a lower ay-continuous function. We will show that N =

F ScY:Se AandS cC})is ay-closed in X for each
closed set C of Y. Let z¢ N, then F(z) = S for every closed

set S of Y. It is obvious that z € F~ (Y —C), where Y —

C isopen in Y. By Lemma 5.2 (2), we have W cF~ (Y —C)
for some W e ayO(z). Hence F(w) n(Y —C) = ¢, for each w
in W. So for each win W, F (w) —C = ¢. Consequently, F(w)
—S = ¢ for every closed subset S of Y for which S < C. We
consider that W NN = ¢. This means that N is ay-closed.
Thus we observe that F assumes a minimal value.

(2)=(1): Suppose that X is not ay-compact. It follows that
we have a net 1Xi :1 € A}, where A is a well-ordered set with
no ay-accumulation point by ([8], Theorem 3.2). We give A
the order topology. Let Mj = ayCIH{xj :i = j}for every

Jin A. We establish a multifunction F : X — A where F(x)
={ie A:i=jx} ix Iisthe first element of all those js for
which x¢ Mj . Since A has the order topology, F(x) is
closed. By the fact that {jx :x e X} has no greatest
element jn A, then F does not assume any minimal value
with respect to set inclusion. We now show that F~ (U) e
ayO(X ) for every open set U in A. If U = A, then

F ™ (U) = X which is oy-open. Suppose that U c A and 2z
e F(U). It follows that F(z) NU = ¢. Suppose j € F
(z) NnU. This means that j € Uand j e F(z) ={i e A:
i > jx}. Therefore Mj > ij. Since z = ij, thenz =
Mj. There exists W € ayO(z) such that W n{xj :i e A}
= ¢. This means that W n Mj = ¢. Let w e W. Since
W nMj =g, it follows that w ¢ Mj and since jyy is the
first element for which we Mj., then jyy < j. Therefore j
e {ie A:i = jwy}=F(w). By the fact thatj U, then
J € F(w)nU. Itfollows that F(w) nU = ¢ and therefore
we F (U). Sowehave WcF (U) and thus z e W C
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F ™~ (U). Therefore F~ (U) is ay-open. This shows that F jg

lower awy-continuous which contradicts the hypothesis of the
theorem. So the space X is awy-compact.

5.5. Theorem

The following two statements are equivalent for a space X:

(1) X is ay-compact.

(2) Every upper ay-continuous multifunction from X into
the subsets of a Tp-space attains a maximal value with
respect to set inclusion relation.

Proof.
Its proof is similar to that of Theorem 5.4.

The following result concerns the existence of a fixed
point for multifunctions on ay-compact spaces.

5.6. Theorem

Suppose that F : X — Y is a multifunction from an oy-
compact domain X into itself. Let F (S) be awy-closed for S
being a ay-closed set in X. If F(x) = ¢ for every point x =
X, then there exists a nonempty, ay-closed set C of X such
that F(C) =C.

Proof.

Let A={ScX:S=¢,SeayC(X)and F(S) cS} Itis
evident that x belongs to A. Therefore A = ¢ and also it is
partially ordered by set inclusion. Suppose that {Sy} is a
chain in A. Then F(Sy) c S, foreach y. By the fact that
the domain is ay-compact and by ([8], Theorem 3.3), S =
NySy =¢ and also S e ayC(X). Moreover, F(S) c F(Sy
) € Sy foreach y. Itfollows that F(S) c S, . Hence S e
Aand S = inf{SY }. 1t follows from Zorns lemma that A has
a minimal element C. Therefore C c ayC(X) and F(C) c C.
Since C is the minimal element of A, we have F (C) = C.
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