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ABSTRACT

In this paper we introduce the notion of anti Q-L-fuzzy /¢ -

group, anti Q-L-fuzzy ¢ -ideals with values in a complete lattice
L which is infinite meet distributive, and investigate some of
its properties.
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1. Introduction

L. A. Zadeh introduced the notion of a fuzzy subset A of a set X
as a function from X into | = [0, 1]. Rosenfeld [18] and
Kuroki[12] applied this concept in group theory and semi group
theory, and developed the theory of fuzzy subgroups and fuzzy
subsemigroupoids respectively. In 1982, Liu[13] defined and
studied fuzzy subrings as well as fuzzy ideals in rings.
Subsequently, Mukherjee and Sen[16], K. L. N. Swamy and U.
M. Swamy[19], and Zhang Yue[22] fuzzified certain standard
concepts on rings and ideals. Malik and Morderson[14] defined
an extension of a fuzzy ideal of a ring and Further more Abou-
Zaid [1] characterized prime fuzzy ideals in a near rings, and
Jun [8] extended the Prime fuzzy ideals in rings to T'-rings. J.A.
Goguen [7] replaced the valuations set [0, 1],by means of a
complete lattice in an attempt to make a generalized study of
fuzzy set theory by studying L-fuzzy sets. A.Solairaju and
R.Nagarajan[11] introduce and define a new algebraic structure
of Q-fuzzy groups. In fact it seems in order to obtain a
complete analogy of crisp mathematics in terms of fuzzy

mathematics, it is necessary to replace the valuation set by

a system having more rich algebraic structure.  These
concepts £ -groups play a major role in mathematics and fuzzy
mathematics. Satya Saibaba [23] introduce the concept of L-
fuzzy ¢ -group and L-fuzzy ¢ -ideal of ¢ -group. In this paper,
we initiate the study of Q-fuzzy lattice £ - groups . We also
introduce the notion of an anti Q-L-fuzzy sub ¢ -group, anti
Q-L-fuzzy / -ideal and establishes the relation with Q-L-fuzzy
sub £ - group and Q-L-fuzzy £ -ideal of an /¢ - group G and
discussed some of its properties. The characterisations of an
anti Q-L-fuzzy sub £ -group and anti Q-L-fuzzy ¢ -ideal under

homomorphism and anti homomorphism are discussed.

2. Preliminaries
In this Section, we review some definitions and

some results of L-fuzzy subgroups which will be used in the
later sections. Throughout this section we mean that (G, *) is
agroup, e is the identityof G and xy as Xx*Vy.

2.1 Definition
A lattice ordered group is a system G =(G,*,<)
where i. (G,*) is a group,

ii. (G,) is a lattice and
iii. the inclusion is invariant under all
translations X > a*x=*b.

Thatis, x<y=a*x*b<a=*y=b forall a,beG.

2.2 Definition
If a is an element of ¢-group G, then

av (—a)is called the absolute value of a and is denoted by

\a\- Any element a of an £-group G can be written as
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a=(av0)*(an0).ie, a=a'"+a ,where 3 is called

positive partof a and a is called negative part of 3.

2.3 Definition
The function f:G - * is said to be a homomorphism

if f(xy)= f(x)f(y)fOl’a” x,yeG.

2.4 Definition

The function f:G —>G! (gand @' are not

necessarily commutative) is said to be an anti homomorphism. if

toy) = F(Yfoforall xyeG.

2.1 Proposition
In any f-group G, for all aeG, We have
Moreover

() |a|=0, la|>0. unless a=0

(i) a*A(-a’)=0.
(i) |a| =a" —a" -
2.2 Proposition
In any /-group G , a*(anb)*xb=avb for

all a,beG.
2.5 Definition

A L-Fuzzy subset A of X is a mapping from X
into L, where L is a complete lattice satisfying the infinite

meet distributive law. If L is the unitinterval [0,1] of real

numbers, there are the usual fuzzy subset of X.

A L-fuzzy subset 1:X — L is said to be a

nonempty, if it is not the constant map which assumes the

values 0 of L.
2.6 Definition

Let 2:X — L be a L-fuzzy sub set of X . Then for

te L, the set 4= xe X/A(X) <t is called a lower t-cut or
t-level set of A .

2.7 Definition
Let A, u4:X —L be a L-fuzzy sub sets of X. If

A(X) < u(x) for all xe X, then we say that A is contained

in , andwe write 1< y.
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2.8 Definition
Let A,u:X —>L be a L-fuzzy sub sets of X.

Define Aupu . Amnpu are L-fuzzy subsets of X by all
Xe X, (Auu)(X) = A(X) v u(x) and
A X)=AX) Au(x). Then Ao , Ampu are called
union and intersection of 4 and ,; respectively.
2.10 Definition
A L-fuzzy subset 4 of X is said to have sup property
if, for any subset A of X , there exists 5 <A such that
A(a,) =V A(a)-
2.11 Definition
Let f be any function fromaset X toaset Y, and
let A be any L-fuzzy subset of X . Then A iscalled f -
invariant if f(x) = f (y)implies A(x) = A(y), where x,y e X .
2.12 Definition
A L-fuzzy subset A of G is said to be a L-fuzzy
subgroup of G, if, forall x,yeG,
L 209) 2 200 A AY),
i A(x7Y) = AX).
2.13 Definition

A L-fuzzy subset A of G is said to be an anti L-fuzzy
subgroup of G, if, forall x,yeG,

i A(xy) < A() v AY)
i A(x7h) = AX).
Remark: A(e) < A(x) forall x,yeG.

2.3 Proposition

A L-fuzzy subset A of a group G is a anti L-fuzzy
subgroup of G if and only if /1t is a subgroup of G for all
AG)u tel/Ae)<t .

2.1 Theorem

Let A be an anti L-fuzzy subgroup of G .Then
G,= xe&G/A(x)=A(e) isasubgroup of G.
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Proof
Let G,= xeG/A(x)=1(e) . Let a,beG, , then

A@) = Ab) = A(e)-
A@b™) < a@) v Ab?)
A(@ab™) <aqa) v A(b)
<A(e) v A(e)
<A(e)
Thatis, A(ab™)<A(e),and A(e)<A(ab').Hence
A(ab™') = A(e) -Therefore, ab™ € G, .G, isasubgroup of G.
2.2 Theorem

A is a L-fuzzy subgroup of G, iff A° is an anti L-
fuzzy subgroup of G.

Proof

Suppose A is a L-fuzzy subgroup of G . Then for all x, yeG,
AUXy) = A(X) A A(Y)

e 1-2°(xy) = @-220))A@-2°(y))

o A(xy) < 1- Q-2 X))AA-2(y))
o () < FVvE(Y).

We have, A(X)=A(x!) forall xeG,

e 1-20)=1-2(x1h .

Therefore, A°(x)=A°(x).Hence A°is an anti L-fuzzy
subgroup of G .

2.14 Definition

Let @ and X be any two sets and A be a L-fuzzy

subset of X . A Q-L-Fuzzy subset A of X is a mapping

from X xQ into L, where L is a complete Iattice

satisfying the infinite meet distributive law. If L is the
unit interval [0,1] of real numbers, there are the usual

Q-fuzzy subset of X.A Q-L-fuzzy subset 4:XxQ L is
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said to be a nonempty, if it is not the constant map which

assumes the values 0 of L.

2.15 Definition
Let A,u:X xQ — L be a Q-L-fuzzy subsets of X . If

A(x,q) < (x,q) forall xe X and qeQ then we say that A4
is contained in ;, and we write 4 C u .
2.16 Definition

Let A,u: X xQ — L be a Q-L-fuzzy subsets of X.

Define Ay , Amnpu are Q-L-fuzzy subsets of X by all

xe X, (4w u)(x,q) = A(x,q) v 4(x,q) and
(A (x,0) = Ax,Q) A u(x,q)  for all xeX and

qeQ.Then 2wy , A~y are called union and intersection

of A and , respectively.
2.17 Definition

Let G=(G,*,v,A) isa £ -group, e is the identity of

G.Anysub £-group H cGis said to be an £ -ideal of G if
H satisfies the following conditions

i.Xx,yeH=xyeH and yxe H,

ii. x,yeHand yeH =>xeH.
2.18 Definition

A non trivial Complete Lattice L is said to have
infinite meet distributive law if it satisfies,

an v x=v a@anx foranyHcLandael

xeH — xeH
3. Anti Q-L-fuzzy subgroups

In this section, we introduce the notion of anti

Q-L-fuzzy subgroup of a group , and discussed some of its

properties. Throughout this section, we mean that @ , = is a
group, e is the identity of g and Xy as X=*Yy.
3.1 Definition
A Q-L-fuzzy subset A of G is said to be a Q-L-fuzzy

subgroup of G, if, forall x,yeG and qeQ,

i A(xy,q) = A(X,9) A A(y,9),

i. A(x™,q)= A(x,9)-
3.2 Definition

A Q-L-fuzzy subset Aof G is said to be an anti
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Q-L-fuzzy subgroup of G, if, forall x,yeG and g Q.
i A(xy,q) =A(x,q) vV A(y,q).
i. A(x™,9)= A(x,q)-
3.1 Proposition
A Q-L-fuzzy subset Aof a group G is an anti Q-L-
fuzzy subgroup of G if and only if /1t is a subgroup of G for all
AG)u tel/A(e,q)<t,qeQ .
3.1 Theorem
Let Abe an anti Q-L-fuzzy subgroup of G. Then
G,= xeG/A(x,q)=A(e,q),qeQ isasubgroup of G.

i

Proof
LetG,= xeG/A(x,q)=4(e,q),qeQ -

Leta,beG, ,then A(a,q)= A(b,q)= A(e.q).
A@ab™,q) < A(a,q) v A(b'q),
A(ab™,q) = A(a,q) vV A(b,q).
< Ae,q) Vv A(e,q),
< Ae,q)
Thatis, A(ab™,q)<A(e,q) and
A(e,q)<A(ab*,q) Hence A(ab™,q) =A(e,q).
Therefore, ab™ e G, - Hence G, is a subgroup of G.
3.2 Theorem

A is a Q-L-fuzzy subgroup of G, iff A° is an anti Q-
L-fuzzy subgroup of G.

Proof

Suppose A is a Q-L-fuzzy subgroup of G. Then for all
X, yeG.

A(xy,q) = A(x,q) A A(Y, 9)
e 1=y, =z =-2xaq)A0-2(y,q)
S20y,0) < 1- Q-2 a)AQ-2(y.q)
e Ay s F(xq)vA(y.0)-

We have, A(x,q)=A(x",q) forallxin G,
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s 1-2(x%0)=1-2(x"q) .
Therefore, A°(x,q)= A°(x*,q) Hence A%is an anti Q-L

fuzzy subgroup of G.

3.3 Definition

Let f be a mapping from X into Y , and let

A and 4 be ananti Q-L-fuzzy subgroups of X and Y
respectively. Then f(A) of Y and f !(y) of X are defined
by,

A AX) I xe X, f(x)=y if fi(y)=g;
1 ; otherwise

F(AY) =

Where Y €Y ,and f*(u)(x)=pu(f(x)), for all xe X are
called image of A under f and the pre-image of 4 under f

respectively.
3.3 Theorem
Let g and G be any two groups. Let f :G — G bea

homomorphism and onto. Let 2:GxQ —L be an anti
Q-L-fuzzy subgroup of G. Then f(A1) is an anti Q-L-fuzzy

subgroup of G, if A has sup propertyand A is f - invariant.

Proof

Let A be an anti Q-L-fuzzy subgroup of G .
i f(A)xy,q)=
N X Yo, D/ X Yo €G, F(XY)=xy ,q€Q

= A(XY,.0)
= A%p.0) vV A(Yo,0)

< (AN A%, q) /X, €G, F(X,)=%X,0€Q ) V

(A A(Yo D/ Y, €6, F(¥))=y.,q€Q )

< (f(AXa)V (F(A(y,0)

f(Axya) < (FAX )V (F(AY.a).

i F LD =A A% L a) /X, " eG, f(x, )=x1,qeQ
= A%, ,9)
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A(%,,0)

AN HXp, Q) X, €6, T(X,)=%x,9€Q

f(D)(xq)

Fa) = F(A)(x )
Hence f(A4) isan anti Q-L- fuzzy subgroup of G*.
3.4 Theorem

Let G and G! be any two groups. Let f :G — G! be

a homomorphism and onto . Let »:G'xQ — L be an anti

Q-L-fuzzy subgroup of GL. Then f 1(w) is an anti Q-L-fuzzy
subgroup of G.

Proof

Let £z bean anti Q-L-fuzzy subgroup of G*.
i f 7 )(xy, ) = 1(F (xy), Q)
=u(f(x) f(y).q)
= u(f(,9) V' u(f(y)0)
sf i) VoY, 9)
f)(y,q) < F 2 ()(x,a) vV )y, q)

i (T g)=p(F (x7), Q)

JZ(QNC) )

£((f(x)),q)

f 1 (u)(x,0)
frxta)= f(u)(x.0) -
Hence f *(u) is an anti Q-L-fuzzy subgroup of G.

3.5 Theorem

Let G and G be any two groups. Let f :G — G*
be an anti homomorphism and onto. Let 1:GxQ — L be an
anti Q-L-fuzzy subgroup of G. Then f (1) is an anti Q-L-fuzzy
subgroup of G*,if A has sup propertyand A is f - invariant.

Proof
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Let A be an anti Q-L-fuzzy subgroup of G .
L E )y, 9)= A A% Y0 Q) %Y, €6, F(Y0)= Xy, 0€Q

= A(XY,.0)
< A(%0,9) V A(Y,,0)

< (A HX., )/ %X, €G, F(X,)=%x,qeQ ) V

(A 2(Yo DY, €6, F(¥)=y.,q€Q )

<(f(AQ)IV (F(A(y.a)

f(Dy.a) < (F(AX )V (FAY.a)

i F (XD =A A%, Q) % €6, F(X, ) =x",0eQ
= A% 9)

= A%y, 9)

AN HX,, Q)1 X, €6, T(X,)=%x,9€Q

f(2)(x.0)
f(A)(x™"q) = f(A)(x0q)
Hence f(4) isan anti Q-L- fuzzy subgroup of Gl

3.6 Theorem
Let G and G! be any two groups. Let f:G — G*

be an anti homomorphism and onto . Let ;:G*xQ — L bean

anti Q-L-fuzzy subgroup of G!. Then f *(x) is an anti
Q-L-fuzzy subgroup of G.

Proof

Let £/ be an anti Q-L-fuzzy subgroup of G*.
i ()(xy, )= u(f (xy), q)
=u(f(y)£(x),0)
< u(f(y),q) vV u(f(x),0)
<t u)(y,q) VO )(xq)
Fe(xy,a) < £ (0xa) V7 ()(y,0)
i P a)=p(f (x7),0)
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= u(fO) )

= u((f(x)).)

= 7 (u)(x.9)
fr(xta)= f 7 (u)(x.0) -

Hence f ~*(u) is an anti Q-L-fuzzy subgroup of G .

4. Anti Q-L-fuzzy ¢ -groups
In this section, we introduce the notion of anti

Q- L-fuzzy sub ¢ -group of a ¢ -group , and discussed some of

its properties. Throughout this section, we mean that
G=(G,*,v,A) isa £ -group, e is the identity of ¢ and Xy as
X*y.
4.1 Definition
A Q-L-fuzzy subset A of G is said to be a Q-L-fuzzy
sub £ -group of G, if, forall x,yeG and qeQ.,
LAy, Q) = A(x9) A AY,Q)
i A(xtg) = Ax0),
i A(xvy,a) = Ax,0) A A>y,9)
V. 2(xAy,Q) 2 A(X0) A A(Y,0)
4.2 Definition
A Q-L-fuzzy subset A of G is said to be an anti Q-L-
fuzzy sub ¢ -group of G, if, forall x, yeG and qeQ,
A(y,9) = AxQ) VY AY.0),
i Axtag) = AxQ),
i A(xvy,q) <A(x,q) V Ay, 9),
V. 2(xAy,0) £ A%0) V A(Y,9)
4.1 Proposition
A Q-L-fuzzy subset A of a group G is an anti
Q-L-fuzzy sub ¢ -group of G if and only if A, is a sub
£ -group of G forall A(G)u tel/A(e,q)>t,qeQ .
4.1 Theorem
Let A be an anti Q-L-fuzzy sub £ -group of G . then
G,= xeG/A(x,q)=2(e,q),qeQ isasub £ -group of G.
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Proof

LetG,= xeG/A(x,q)=4(e,q),qQ -

Let a,be G, ,then i(a,q) = A(b,q) = A(e,q)-

Hence A(ab,q) =A(e, q). Therefore, ab™ € G, . Hence

Gﬁ

A@ab™,q) < A(a,q) v ip,q).

A(@b™,q) <A(a,q) v A(b,q),

< Ae,q) Vv A(e,q).

<A(e,q)

Thatis, A(ab™,q)<A(e, q) and A(e,q)<A(ab*,q)-

4.2 Theorem

isasub £ -group of G .

A is a Q-L-fuzzy sub ¢ -group of G, iff A° is an anti

Q-L-fuzzy sub £ -group of G.

Proof

Suppose A s

Then forall x,y € G,

ii. We have,

a

Q-L-fuzzy sub ¢ -group

A(xy, q) = A(x,q) A A(y, q)

of

e 1-A(xy,q) = 1-Fxa)AL-2L(y,q)

e A(xy,q) <1- Q-2 xa)AQ-2(y.9)

e A(xy,q) < F(xq)vA(Y0q).

A(x,q)=A(x',q) forall xing ,

e 1-2(x09)=1-2(x"0q).

Therefore, A°(x,q)= A°(x*,q).

Axvy,g) = A(x,q) A A(Y,9)

G.

©1-2(xvy,q) = -2(xaq)AL-4(y,9)

= A(xvy,Q)

<1- @Q-2°(xq) A Q- 2(y,q)

< A (%) v A°(y,09)
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o A(xvy,q) < 2(xa)vA(y.q)

iv. AXAY, Q) = A(x,q) A A(Y,0)
e 1-2(xay,q) =2 -2 AQL-4(y,9)
< XAy, 0)s 1= L-2(xa)AL-2(y,9)

o < A°(x,q) v A°(y,0)
e AF(xAy,Q) S AXQVvA(Yq).

Hence A% is an anti Q-L fuzzy sub ¢ -group of G .
4.3 Theorem

Let G and G be any two ¢ -groups. Let f :G — G
be a homomorphism and onto. Let 1:GxQ— L be an anti
Q-L-fuzzy sub ¢ -group of G. Then f(A) is an anti Q-L-fuzzy
sub ¢ -group of !, if A has sup property and A is f-
invariant.

Proof

Let A be an anti Q-L-fuzzy sub £ -group of G .

L)Y, 0) = A Ao A/ %Yo €6, f(%Y,) =Xy ,q€Q
= AX,Y,,9)
= AXp,0) V' A(Yo,0)
<(A HXy,q) X, €6, F(X,)=%,0€Q )V
(N HYo: @)/ Yo €6, (yo)=y.,q€Q)
<(F(Xa) vV f(A)(y,a)
F(ADXy,q) <(f(ADxa) v F(A)(y.)
i F (XD =A A% A/ X, eG f(x )=x",0eQ
= A%, .0)
= A(%,,0)
= A HX,,q)/ %, €6, T(X,)=%,9€Q
= f(AKx9) -
f(A(x ) = f(A)(x9)-

ii. f(A)(xvy,q)=
A X VY, @) X VY, €G, F(X VY, )=xVvYy,qeQ
= A%V Yo, 0)
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<A(X,9) vV A(Yo,0)
< (A MHX,9) X%, €6, f(X,)=%X,0€eQ )V
(N AYo.a) /Y, €G f(Yo)=y.q€Q)
s f(A)xa) VvV £(A)(y,q)
f(AXvy.a) = f()xa)V f(A)(y.q)-
iv. f(A)(xAy,0) =
A X AYe, DI Xy AY G, F(Xg AYe)=XAY ,qeQ
= A% A Yo, 0)
< A%, 4) Vv A(Y,,0)
<A HXp,9) X, €6, T(X,)=X%X,0€Q )V
(N HYo.a) /Y, €G, f(y,)=y.qeQ)
s f(xa) VvV F()(y.a)
fF(AXAY,Q) = f(A)xq) V F(A)(y.0q)
Hence f(A) isan anti Q-L- fuzzy sub / -group of G*.
4.4 Theorem

Let G and G be any two ¢ -groups. Let f:G —G!
be a homomorphism and onto. Let z:G'xQ —L be an anti
Q-L-fuzzy sub /£ -group of G*. Then f () isananti Q-L-
fuzzy sub ¢ -group of G .

Proof

Let £ be an anti Q-L-fuzzy sub ¢ -group of G.
i (), ) = f(xy),0)
=u(f()F(y).0)
= p(f(),0) vV u(f(y).0)
<t wxa) v fHw(y.9)
fH(wxy,a) < FHwxag) v Fy,9) .
i, f 0t @) =(f(x),0)
= u((FO0) ™ 0)
= u((f(x)).0)
= £ ()(x.q)
et = fH)x0) .
ii. T (wxvy,q)=u(f(xvy),q)
=pu(f(x)v (y),0)
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< u(f(x),q) v u(f(y).q)
s P Vo)
P vy Q) < (u)(x,q) V1))
iv. Ay =a(f(xAy)0)
=p(f () A 1(y).q)
< u(f(x),q) v u(f(y).q)
<fHwxa) v I,
P Ay,a) < FHxa) Vo ()(y.a)
Hence f (1) isan anti Q-L-fuzzy sub £ -group of G.
4.5 Theorem
Let G and G! be any two # -groups. Let
f:G—>G' be an anti homomorphism and onto. Let
2:GxQ—L be an anti Q-L-fuzzy sub £ -group of G. Then
f(A) is an anti Q-L-fuzzy sub ¢ -group of Gl if A has sup
propertyand A is f -invariant.
Proof
Let A bea Q-L-fuzzy sub ¢ -group of G.
L E ()Y, A) = A 200Y0. @)/ %Y,6, F(Y0)=xy .G € Q
= A(XY0,0)
<A(%,q) vV AY,.9)
<A HXp,q)/ X, €6, f(X,)=X,0€Q )V
(A Yo, @)/ Yo €G, F(Yo)=y,9€Q)
= F(Axa) v £(A)(y.0)
fF(A0y,a) = f (DX Vv F(A)(y.0)

i fA)XHA)=A 2(x*,0)/x eG, f(x,)=x",0eQ
= A%, ,0)
= A(Xy,0)
=N MHX,,0)/ %, €G, T(X,)=%X,0€Q
= f(A)(x0)
fF((x, ) = f(2)(xq)
ii. f(A)(xvy,q)=
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AN X VYo, Q)Xo VY, €6, F(XoVY,)=XVvYy ,0eQ
= A% v ¥0.0)
< A%, ) V A(¥,,0)
(A AXp,9) /%, €6, f(X,)=%X,9€Q )V
(A Yo, )/ ¥ €6, F(¥o)=Y,q€Q )
= f()xa) v F(A)(y.0)
f(Dxvy,q) < f (AKX V F()(y.a)-

V. F () ,0)=
AN MXo AYor )Xo AYo €G, (X AY)=XAY ,0eQ

= A% A ¥o,9)
= A%,0) V' A(Y,,0)
<A X, 0)/ X, €G, T(X,)=%x,0€Q )V
(A Yo )/ Yo €G, T(Yo)=Yy .0€Q )
s fAxa) v F(A)(Y.q)
f(DXxAY.Q) = f()xa) vV F(D(y.q)
Hence f (A1) is an anti Q-L- fuzzy sub ¢ -group of Gl
4.6 Theorem

Let G and Glbe any two ¢ -groups. Let f:G —G!
be an anti homomorphism and onto. Let :G'xQ —>L be an
anti Q-L-fuzzy sub £ -group of GL. Then f 1(w) is an anti Q-
L-fuzzy sub £ -group of G.

Proof
Let £ be an anti Q-L-fuzzy sub £ -group of Gt
i F T ()(xy, )= p( f (xy), )
= u(f (¥) £ (2),)
=u(f(y),0) vV u(f(x),q)
< f00y.a) Vo (xa)
fE)(xy,a) < £ ()(x,a) V7 (u)(y,0)
i f (7 a)=p(F(x7),q)
= u((f(x)7,0)
= u((f(x)).0)
= 7 ()(x,9)
fA(xha)= 7 (u)(x.q) -
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i, f 7 (u)(xvy,q)=u(f(xvy),q)
=u(f(y)v f(x),0)
< u(f(y).a) vV u(f(x).q)
=t u(y.q) v T ()(x0)
) (xv y,q) < F 7 ()(x,q) v )y, 9)
iv . F)(xAy, a)=u(f(xAy)Q)
=u(f(y)~ £(x),q)
= u(t(y),a) vV u(f(x),0)
< FH(y,q) v oF()(x,)
PG Ay, Q) < a) v fHu)(y.0) -
Hence f (y) is an anti Q-L-fuzzy sub ¢ -group of G.
5. Anti Q-L-fuzzy ¢ -ideal in ¢ -group
In this section, we introduce the concept of anti
Q-L-fuzzy {-ideal in /£ -group and discuss some of its

properties.  Throughout this section, we mean that
G =(G,*,v, ) isa £ -group, e is the identity of G and xy
as X*y.

5.1 Definition

A Q-L-fuzzy sub ¢ -group Aofa £ -group G is said
to be a Q-L-fuzzy £ - ideal of G if , forall x,ye G, qeQ

i A(xy,q)=A(yx,q) and

ii. x,yeG, [X<]y|=A(x,q) > A(y,q)-

5.2 Definition
A Q-L-fuzzy sub £ -group Aofa £ -group G is said
to be an anti Q-L-fuzzy /- ideal of G if, for all x,yeG,
geqQ.
i A(xy, q) =A(yx,q) and
i. x,yeG, |[X<|y|=A(x,q)<A(y,q)-
5.1 Theorem

A Q-L-fuzzy sub ¢ -group Aof G is an anti Q-L-
fuzzy [ -ideal if and only if each level sub /£ -group
A teAG)u tel/A(e,q)<t,qeQ isan [ -ideal of G.

Proof
Let A be an anti Q-L-fuzzy /¢ -ideal of G.
Let te A(G)u te L/A(e,q)<t,qeQ .
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Letx e 4, andy € G .Then
| <[ X = Ay, @)= A(x, g) >t -

X,y € 4, and A, isalevel sub ¢ -group then Xy € 4,
andyxe 4, .Letxye 4 andye 4 then y* e, since
A, isalevel sub £ -group. Therefore, (Xy)y ' =xe A

Hence A, isan ¢ -ideal of G.

Conversely, let each level sub £ -group /1t ,

te A(G)u telL/A(e,q) >t,qe Q isan / -ideal of G. Let
X,y € G then A(xy,q)=A(yx,q)forall x,yeG,
geQ.Let x,yeG and ‘x‘g‘y‘.Let A(y,q) =t so

ye A, andxe 4, since A, isan £ -ideal of G.
A%, Q) <t=A4(y,q) = A(x,q) <A(y,q) forall xeG.

Hence A be an anti Q-L-fuzzy / - ideal of G.
5.2 Theorem
Ais a Q-L-fuzzy - £ -ideal of G iff A is an anti Q-L-
fuzzy - £ -ideal.
Proof
Ais a Q-L-fuzzy -/ -ideal of G. Then for all
x,yeG and qeQ,
. A(xy,q)= A(yx,q).
= 1-A(y,9)=1-4(yx.q)
© A (xy,0)= A°(yx,q) -
ii. Letx,y eG such that ‘x‘g‘y‘. Then,
A(x, )= A(y,q)
< 1-Ax9)<1-A(y,q)
< A< A(y.9)-
Hence A° is an anti Q-L- fuzzy - £ -ideal of G.
5.3 Theorem

Every anti Q-L-fuzzy ¢ -ideal is an anti Q-L-fuzzy sub
¢ -group of G.
Proof itis clear.
Remark
But the converse of the above theorem is not true.
5.1 Example
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Let R be the set of all real numbers and (Ry+,v,A)
bea ¢ -group. Define 1:RxQ — L by

(%, q) = 0if X€Z where 7 is the set of all integers.
’ lif xeZ.

Clearly A isa Q-L-fuzzy sub ¢ -group of R . Level set 4, =Z
isa ¢ -subgroup of R, but not /¢ -ideal of R . Since
x=2eZ,y=05¢cRand ‘0,5‘3‘2‘. But

2(0.5,9) =1>0=4(2,q).So Aisnota Q-L-fuzzy / -ideal

of R.
5.4 Theorem

If Aand 4 are two anti Q-L-fuzzy / -ideals of G,

then A~ g is an anti Q-L-fuzzy £ -ideal of G.
Proof

Let Aand 4 are two anti Q-L-fuzzy 0 -ideals of G.
Then

i (A0 @) (xy, q) =A(xy,q) v u(xy,q) .

=A(yx, Q) v u(yx,q).
= (A p)(yx,9).

(A ) (xy,q) = (A u)(yx,q) -
ii. Letx,y € G such that ‘X‘SM'

(A 1)(x,0) = A(x,q) v 1(x,0) < A(y,9) v (Y, Q)
=(Anu)(y.q)

Hence A~y isan anti Q-L-fuzzy / -ideal of G .

Clearly , the intersection of any family of anti Q-L-fuzzy ¢ -

ideals of G is an anti Q-L-fuzzy / -ideal of G.

5.5 Theorem

If H isany £ -ideal of G, H =G, then the Q-L-fuzzy
subset A4 of G defined by

sif xeH
A%, q) = where
(x.0) {t if xegH

t=0 isan anti Q-L-fuzzy ¢ -ideal of G.

s,telL ands<tand

Proof
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Let x,yeG and qeQ . Then the following cases
arise.

Casei. Let xeH and ye H implies xy « H and
yxe H ,Thatis, A(xy,q) = A(yx,q) =s-
ii. Let XeH and yg¢ H implies xy ¢ H and
yx¢ H . Thatis, A(xy,q) = A(yx,q) =t
iii. Let X¢ H and y e H implies xye H and
yx ¢ H . Thatis, A(xy,q) = A(yx,q) =t.
iv.Let xgHand ygH implies xyeH and
yxeH or xygH and yxg H .
That is, A(xy,q)=A(yx,q)=s or
A(xy,q) = A(yx,q) =t

Let xeG and yeH such that ‘x‘g‘y‘. Therefore xeG,
since H is £ -ideal and A(x,q) =s = A(y,q). Hence Aisan
anti Q-L-fuzzy ¢ -ideal of G .

5.6 Theorem

A non-empty subset H of G isa £ -ideal of G ifand
only if the function

0 [0 i xeH
Va1 0 xe H

is an anti Q-L fuzzy £ -

ideal of G .

Proof
By Theorem 5.5, y,, isananti Q-L fuzzy [ -ideal of G.

Conversely,Let ,, be an anti Q-L fuzzy [ -ideal of G . Then

A(xy,q) = A(yx,Qq). Let xe G and y e H such that ‘X‘SM'
vy (X) <y, (y)=0 , since y, is an [-ideal. So
v, (X)=0. So xe H . Therefore H is { -ideal of G.

5.7 Theorem

Let A be ananti Q-L fuzzy /¢ -ideal of G. Then
G,= xeG/A(x,q)=A(e,q),qeQ isa  -ideal of G .
Proof

Let xeG and ye G,, Then

A(y,q) = 4(e,0),q€Q.
A(xy, @) < A(x,9) v A(Y, Q)
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=A(x,q) v A(e,q)
=A(e,q).
A(xy,q) < A(e,q) and A(e, q) < A(xy,q) -

Hence A(xy,q)=A(e,q) - Hence xy € G, , Similarly
yxe G, .Let Xe G and y e G, such that |X|£|y| .
A(x,q) < A(y,q) = A(e,q) ., since A isananti Q-L-fuzzy
{ -ideal and A(e, q) < A(X,q) - So A(x,q) = A(e,q), for
al XxeG and q€Q . So xeG, . Therefore _is £ -
ideal of G .

5.8 Theorem

Let G and Glbe any two ¢ -groups. Let f:G —G!

be a homomorphism and onto. Let 7:GxQ — L be an anti Q-L-

fuzzy ¢ -ideal of G. Then f(4) is an anti Q-L-fuzzy / -ideal
of G, if A hassup propertyand A is f - invariant.

Proof
Let A be an anti Q-L-fuzzy £ -ideal of G .

LY, Q)= A %Yo, 0/ %Yo €6, f (X Ye)= Xy, € Q
= A(XyY,,0)
= A(YoX%o, )
= A MYoXo, A YoXo €G, fF(YoX)=Yyx,q€Q
= f(A)(yx,q).

Therefore, f(1)(xy,q)= f(2)(yx,q).

ii. Let f(x), f(a) € G such that | (x)| <|f (a)| - Then,

€A (FX),a)= A

te fL(f (X))

<« (f@.a)=_n Atg)=4@0q)

tef1(f(a))

A(t,q) = A(x,q) and

Now,

fO<|f@=1# <fd =T =il =fvja

So f ﬁa[:f *X‘V‘a‘:jlﬁa,q}/l*X\v\a,q:,since
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. is f-invariant.. Since ‘X‘S‘X‘v‘a‘ ,  we have

A q) <A 4 vla,q :=/Ha ,q:s/l(a,q).

Therefore, 4 (1) (f(x),q) < €(4) (f(a),q). Hence £ (1)
is an anti Q-L- fuzzy ¢ -ideal of G*.
5.9 Theorem

Let G and Glbe any two £ -groups. Let f:G —G! be
a homomorphism and onto. Let 4 :G* xQ — L be an anti Q-L-
fuzzy / -ideal of G'. Then f *(y) is an anti Q-L-fuzzy /-
ideal of G .

Proof

Let £/ be an anti Q-L-fuzzy / -ideal of G*.
i f () (xy, a)=p(f (xy), Q)
=u(F 09 f(y).a)
=u(f(y) £(x),0)
=p(f(yx),0)
= £ ()(yx,q)
Hence  f~(u)(xy,q)= " (1)(yx,0)
ii . Let X,y €G such that [x|<|y]|.

F)(x ) =pu(f(x).q) and 7 (u)(y,q)=x(f(y).q)-

Now, [x<[y| = f 4 <f dy| =|F(|<|f(y)

Since £ be an anti Q-L-fuzzy [ -ideal of G' then

w((F09),a) < w((f(y)).9)-

Thatis, f '(u)(x,q)< f (u)(y,q) Hence f*(x) isan

anti Q-L-fuzzy /¢ -ideal of G .

5.10 Theorem
Let G and Glbe any two ¢ -groups. Let f:G —G*

be an anti homomorphism and onto. Let 1:GxQ—L be an
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anti Q-L-fuzzy ¢ -ideal of G . Then f (1) is an anti Q-L-fuzzy
{ -ideal of G',if A hassup propertyand A is f - invariant.

Proof
Let A be an anti Q-L-fuzzy £ -ideal of G .

LFA)Y, Q)= A %Yo ) %Yo €G, T (XY0)= Xy .0 Q
= l(XOyO’q)

= A(YXy,0)

A HYoXo D) Yo% €G T (Yo%) =xy ,qeQ
=f(A)(yx.9).
Therefore, f(2)(xy,q)=f(4)(yx,q)-
ii. Letf(x), f(a)eG' such that |f(x) <|f(a)|-Then,

CDFEM=_ o Alt,0)=Axq)and

(f(

€«(A) (f@,a)= A

tef1(f(a))

A(t,9)=1(a,q)

Now,

fO<|f@|=1# <fd =T =T vl =fvja

So f ﬁa[: f *X‘V‘a‘:jlﬁa,q}/l*X\v\a,q:,since
% is f-invariant.. Since \x\ g‘ X‘v‘ a\ . we have
Ax Q)< $v]aha =4 al.a <@0).

Therefore, 4 (1) (f(x),q) < €(1) (f(a),q). Hence f(4)
is an anti Q-L- fuzzy ¢ -ideal of G*.
5.11 Theorem

Let G and Glbe any two £ -groups. Let f:G —G! be
an anti homomorphism and onto. Let z:G'xQ — L be an
anti Q-L-fuzzy / -ideal of G*. Then f *(x) is an anti Q-L-
fuzzy £ -ideal of G.

Proof

Let £ be an anti Q-L-fuzzy / -ideal of G*.
i F )y, @)= u(f (xy), Q)

=u(f(y)f(x),0)

International Journal of Computer Applications (0975 — 8887)
Volume 6- No.4, September 2010

=u(f )T (y),)

=u(f(yx),a)

= 1 (u)(yx, )
Hence  f(u)(xy,q)= f()(yxq)

ii. Let X,y € G such that X<y

FA)(x ) =pu(f(x).q) and 7 (u)(y,a)=x(f(y).q)-

Now, [<[yl = 4x < 4 =|F() </ ()]

Since 4 be an anti Q-L-fuzzy [ -ideal of G' then

w((F(9).a) < u((f(y)).q)-

Thatis, f(u)(x,q)< f *(x)(y,q) .Hence f*(u) isan
anti Q-L-fuzzy / -ideal of G .
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