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contractions and obtain some results on Invariant 
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1. INTRODUCTION 
With the advent of notion of compatible maps introduced by 

Jungck[8], the study of common fixed point theorems for 

contractive maps has centered around the study of compatible 

maps and its weaker forms.  On the other hand, the study of 

noncompatible maps is also equally interesting. Pant[13], Aamri 

and Moutawkil[1] and others have initiated wonderful works in 

this field. 

 It has been observed [6] that some of defining properties of 

metric are not needed in proofs of certain metric theorems. 

Motivated by this fact, Hicks [6] established fixed point theorems 

in symmetric spaces. Recall that a symmetric on a set X is a non 

negative real valued function d on X×X. such that  

(i) ( , ) 0d x y =  if and only if x y=   

(ii) ( , ) ( , )d x y d y x= .  

  Let d be a symmetric on set X and for 0r >  , let 

( , ) { : ( , ) }B x r y X d x y r= ∈ < . A topology ( )t d on X is 

given by ( )U t d∈  , if and only if for each 

, ( , )x U B x r U∈ ⊂ , for some 0r > .  A symmetric d is a 

semimetric if for each  x X∈  and each 0r > , ( , )B x r  is a 

neighbourhood of x in topology ( )t d . We have 

( , ) 0n
n
Lim d x x
→∞

=  if and only if nx x→  in topology ( )t d . 

The following two axioms given by Wilson [18]. Let 

( , )X d  be a symmetric space: 

(W.3): Given { },nx x and y  in X, then ( , ) 0n
n
Lim d x x
→∞

=  

and ( , ) 0n
n
Lim d x y
→∞

=  implies that x y= . 

(W.4): Given{ },nx x and y  in X, then ( , ) 0n
n
Lim d x x
→∞

= & 

( , ) 0n n
n
Lim d x y
→∞

=  implies that, ( , ) 0n
n
Lim d y x
→∞

= . 

  

2. PRELIMINARIES 
 

 Sessa[16] introduced the concept of weak commuting 

maps in metric spaces. Jungck[8] extended his concept in the 

following way: 

Definition 1.1: Let f and T be the two self mappings of symmetric 

space ( , )X d  , then f and T are said to be compatible if 

( , ) 0n n
n
Lim d fTx Tfx
→∞

= whenever { }nx is a sequence in X, 

such that n n
n n
Lim fx LimTx t
→∞ →∞

= = , for each  t X∈  . 

Obviously two weak commuting mappings are compatible but 

converse is not true[8]. Recently, Jungck[7] introduced the 

concept of weak compatible maps as follows: 

Definition 1.2: Let f and T be the two self mappings of symmetric 

space ( , )X d  , then f and T are said to be weakly compatible if 

they commute at their coincidence points i.e. if  fu Tu=  for 

some  u X∈  then fTu Tfu= . Also, we have that two 

compatible maps are weakly compatible but converse is not true. 

In 2006, Jungck and Rhoades [9] gave some theorems on 

Occasionally weakly compatible maps. Recently in 2008, M. A. 

Al-Thagafi and N. Shahzad [19] defined the concept of 

Occasionally weakly compatible maps and applied it for invariant 

approximations  

Definition 1.3: Two self maps  :f X X→   and 

:T X X→  are said to be occasionally weakly compatible if 

and only if there exists some point x  in X, such that fx Tx=   
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at which f and T commute. In other words, forTx fX∈ , we 

haveTfx fTx⊆ . 

Example: Let X = [0, ∞) with usual metric. Define 

:f X X→  and :T X X→  by 

0 ;0 1 ;0 1
,

2 ;1 (1,1 4 ) ;1

x x x
fx Tx

x x x x

≤ < ≤ < 
= = 

≤ < ∞ + ≤ < ∞ 
 

 It can be verified that x  = 1 is the coincidence point of f and T, 

but f and T are not weakly compatible, however {f, T} is 

occasionally weakly compatible. 

                 Aamri and Moutawkil [1] proved some common fixed 

point theorems under strict contractions on metric space, 

satisfying (E.A.) property. 

Definition 1.4: Two self maps f and T of a metric space ( , )X d  

is said to satisfy property (E.A.), if there exists a sequence{ }nx , 

x  in X, such that n n
n n
Lim fx LimTx t
→∞ →∞

= = , for some t X∈ . 

Clearly, a pair of compatible as well as noncompatible self 

mappings of a metric space ( , )X d   satisfies property (E.A.). In 

general, a pair enjoying (E.A.) property need not follow pattern of 

containment of range of one map into range of other map but 

relaxes it such requirements. 

Meinardus[12] introduced the notion of Invariant approximation. 

Brosowski[5] initiated the study of invariant approximation, using 

fixed point theory and thereafter subsequent valuable results have 

now appeared in literature of approximation theory[4,16]. 

Definition 1.5: Let S be a subset of metric X. The set 

( ) { : ( , ) ( , )}SP x x S d x y dist y S= ∈ =   is called the set of 

best approximations to y in X, out of S, 

where ( , ) inf{ ( , ) : }dist y S d z y z S= ∈ . 

The main aim of this paper is to get coincidence point for two self 

maps, satisfying generalized weak contractive condition, under 

strict contractions in symmetric spaces. Besides this, we will 

satisfy the convergence for modified Mann Iteration and Ishikawa 

Iteration. As an application we will also obtain some results on 

existence of common fixed points from the set of best 

approximations. 

Alber and Guerre Delabriere[3] coined the term weakly 

contractive maps and obtained fixed points in Hilbert spaces. 

Rhoades[14] extended his result to Banach spaces. So, we have 

few more definitions: 

Definition 1.6: Let X be a metric space. A mapping 

:T X X→  is said to be weakly contractive with respect to 

:f X X→   if for each x,y in X, there exists 

( , ) ( , ) ( ( , ))d Tx Ty d fx fy d fx fyψ≤ − , where 

:[0, ) [0, ), (0) 0ψ ψ∞ → ∞ = and ( )
n
Lim tψ
→∞

=∞ . 

Definition 1.7: Let X be a Banach space and let T be weakly 

contractive mapping with respect to f, on X, under strict 

contractions. Let f(X) be a convex subset of X. Define a 

 sequence{ }ny  in f(X) as 

1 0( ) (1 ) ( ) ( ); : 0n n n n n ny f x f x g x x X nα α+= = − + ∈ ≥
. 

Definition 1.8: Let X be a Banach space and let T be weakly 

contractive mapping with respect to f, on X, under strict 

contractions. Assume that  f(X) be a convex subset of X. Define a 

sequence { }ny  and  { }nz  in f(X) as:  

1( ) (1 ) ( ) ( )n n n n n nz f x f x T wα α+= = − +  

                  

( ) (1 ) ( ) ( ); 0n n n n n ny f w f x T x nβ β= = − + ≥ where

0 1, 0 1,n nα β≤ < < ≤  for each n, 0x X∈          

 

3. MAIN RESULTS 
 

Theorem 2.1: Let  ( , )X d   be a symmetric space and let T be a 

weakly contractive mapping with respect to f, such that (i) 

( ) ( )T X f X⊂ (ii) f and T satisfy (E,A.) property (iii) f(X) is 

a complete subspace of X, then (a) The pair (f,T) has a point of 

coincidence   

        (b) The pair (f,T) has common fixed point provided it is 

occasionally weakly compatible. 

Proof:  Part I: Let 0x  be any arbitrary point in X.  Choose a 

point 1x  in X, we obtain  1nx +  in X, such that 

1( ) ( )n nT x f x += . 

Consider 1 2 1( ( ), ( )) ( ( ), ( ))n n n nd f x f x d T x T x+ + +=                                                              

1 2 1 2( ( ), ( )) ( ( ), ( ))n n n nd f x f x d f x f xψ+ + + +≤ −  [2.1] 

                     Here we have 1 2{ ( ( ), ( ))}n nd f x f x+ + is an 

increasing sequence of position of real numbers and so tends to 

limit (say 0l ≥ ). If 0l > , then we have  

1 2 1( ( ), ( )) (( ( ), ( )) ( )n n n nd f x f x d f x f x lψ+ + +≤ −     {2.2] 

Thus;

 

1 1( ( ), ( )) (( ( ), ( )) . ( )n N n N n nd f x f x d f x f x N lψ+ + + +≤ −  

[2.3] 

which is a contradiction for N is large enough. And so therefore 

1lim ( ( ), ( )) 0n n
n

d f x f x +→∞
= . Further more for m > n, 

1 1 1 2

1

( )) (( ( ), ( )) (( ( ), ( ))

...... (( ( ), ( ))

n n n n n

m m

f x d f x f x d f x f x

d f x f x

+ + + +

−

≤ + +

+
  [2.4] 
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 Using [2.4] and 1lim ( ( ), ( )) 0n n
n

d f x f x +→∞
= , along with 

weakly contractivity of T, with respect to f, we obtain 

{ ( ( ), ( ))} 0n md f x f x → , as ,m n →∞ . 

 View of (i), there is existence of sequence{ }nx  in X, such that 

n n
n n
Lim fx LimTx t X
→∞ →∞

= = ∈ . 

                      As, f(X) is a complete subspace of X, every 

sequence of f(X),has a limit in f(X). Therefore, 

;n n
n n
Lim fx t fa LimTx a X
→∞ →∞

= = = ∈ , which in turn yields 

that ( )t fa f X= ∈ . Now, assert that fa Ta= . 

If not, then ( , ) 0d fa Ta > . Now solving; 

1( ( ), ( )) ( ( ), ( ))n nd f x T a d T x T a+ =                                                                                                         

( ( ), ( )) ( ( ( ), ( )))n nd f x f a d f x f aψ≤ −     [2.5]  

Taking
n
Lim
→∞

, we get; 

  ( , ( )) ( , ( )) ( ( , ( )))d t T a d t f a d t f aψ≤ −           [2.6] 

Thence, a is the solution of the functional 

equation ( ) ( )f x T x= . Thus, the pair (f, T) has a common 

fixed point of coincidence. 

Part II: We have obtained a point a in X, such 

that ( ) ( )T a f a t= = , which satisfies occasionally weakly 

compatible map condition. So ( ) ( )fT a Tf a=  and as such 

Tt fa= . To show that ( )f t t=  . If, we consider that it is not 

so, then we have ( ( ), ) ( ( ), ( ))d f t t d T a T t=  

( ( ), ( )) ( ( , ( )))d f a f t d t f tψ≤ −  

( , ( ))d t f t< , which is a contradiction.  

Hence the pair (f,T) has a common point of coincidence. 

 

Remark 2.1: If f(X) = X and f = idx (identity map of X), then we 

conclude from [2.1], that the sequence { }nx converges to affixed 

point of T. Thus our Theorem 2.1 is a generalization theorem of 

Rhoades     [14, Theorem 1]. 

Remark 2.2: If we define :[0, ) [0, )ψ ∞ → ∞  by  

( ) ( )t t r tψ = −  where :[0, ) [0, )r ∞ → ∞  is a continuous 

function such that ( )r t t<  for each 0t >  , we obtain the 

similar contractive condition as given by Pant[13, Theorem 1]. 

 

Example 2.1: Let X = R with usual symmetric metric and let T 

and f be given by  

( ) ; 0

( ) ; 0, 0,1, ( 1)

T x px p

f x q rx r q r p

= ≠

= − > ≠ − ≥
  for all x X∈ . 

Define :[0, ) [0, )ψ ∞ → ∞  as ( ) /x x rψ =   

As     ( , ) ( ( , ))) ( 1) | |d fx fy d fx fy r x yψ− = − −  

| |p x y≥ −  

      ( , )d Tx Ty=                                   

Therefore, T is weakly contractive mapping with respect to f. For 

p > r, T is not f-nonexpansive map. Moreover, T and f have a 

common fixed point. 

Theorem 2.2:  Let X be a normed space and T be a weakly 

contractive mapping with respect to f, satisfying (E.A.) property. 

If T and f are occasionally weakly compatible and f(X) as a 

complete subspace of X, then modified Mann iteration 

nα =∞∑ converges to a common fixed point of f and T. 

Proof:  From Theorem 2.1, we obtain common fixed point t of T 

and f. 

Consider 

|| || || (1 ) ( ) ( ) ( ) ||n n n n ny t f x T x f aα α− = − + −   

         

|| (1 ) ( ) ( ) ( ) ( ) ||n n n nf x f a T x T aα α= − − + −  

                                  

(1 )|| ( ) ( ) || || ( ) ( ) ||n n n nf x f a T x T aα α≤ − − + −  

             

|| ( ) ( ) || (|| ( ) ( ) ||)n n nf x f a f x f aα ψ≤ − − −    

1|| ||ny t−≤ −                                               [2.11] 

which gives || || 0n
n
Lim y t r
→∞

− = ≥ . Now if r > 0, then any 

fixed positive integer N, we have 

  ( ) (|| ||)n n n

n N n N

r y tα ψ α ψ
∞ ∞

= =

≤ −∑ ∑                                                                 

                          1(|| || || ||)n n

n N

y t y t
∞

−
=

≤ − − −∑  

                           || ||Ny t< − ,   [2.12]

  

which contradicts nα . Therefore the Mann iteration sequence 

converges to a common fixed point of T and f.  

         

Theorem 2.3:  Let X be a normed space and T be a weakly 

contractive mapping with respect to f, satisfying (E.A.) property. 

If T and f are occasionally weakly compatible and f(X) is  a 

complete subspace of X. Suppose that two sequences { ny } and 

{ nz } are defined as 

1( ) (1 ) ( ) ( )n n n n n nz f x f x T wα α+= = − +  
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( ) (1 ) ( ) ( ); 0n n n n n ny f w f x T x nβ β= = − + ≥  where 

0 1nα≤ < , 0 1nβ< ≤ , n nα β =∞∑  and 0 0x ∈ , then the 

iterative sequence converges { nz } to a common fixed point of f 

and T. 

Proof:  Let t be a common fixed point of T and f, the existence of 

this fixed point of T and f, follows from Theorem 2.1, So, 

    || || || (1 ) ( ) ( ) ||n n n n nz t f x T w tα α− = − + −   

      

(1 )|| ( ) || || ( ) ( ) ||n n n nf x t T w T aα α≤ − − + −       

(1 )|| ( ) || || ( ( ) || (|| ( ) ||))n n n n nf x t f w t f w tα α ψ≤ − − + − − −

(1 ) || ( ) || (|| (1 ) ( )

( ) || (|| ( ) ||)

n n n n n

n n n

f x t f x

T x t f w t

α α β

β ψ

≤ − − + − +

− − −
            

(1 ) || ( ) || ((1 ) || ( )

|| || ( ) ( ) || (|| ( ) ||))

n n n n n

n n n n

f x t f x

t T x T a f w t

α α β

β α ψ

≤ − − + − −

+ − − −

(1 ) || ( ) || ((1 ) || ( ) ||

[|| ( ) || (|| ( ) ||)] (|| ( ) ||))

n n n n n

n n n n n n

f x t f x t

f x t f x t f w t

α α β

β α ψ α ψ

≤ − − + − − +

− − − − −

|| ( ) || (|| ( ) ||)

(|| ( ) ||)

n n n n

n n

f x t f x t

f w t

β α ψ

α ψ

≤ − − − −

−
 

|| ( ) ||nf x t≤ − which gives || || 0n
n
Lim z t r
→∞

− = ≥ . 

Suppose that r > 0, then for any fixed integer N, we have                        

( ) (|| ||)n n n n n

n N n N

r z tα β ψ α β ψ
∞ ∞

= =

≤ −∑ ∑                                 

                            1(|| || || ||)n n

n N

z t z t
∞

+
=

≤ − − −∑  

                            || ||Nz t≤ −  

which contradicts n nα β =∞∑ . Thereby the result follows. 

 

4. INVARIANT APPROXIMATIONS 
 

As an application of Theorem 2.1,we have the following results, 

involving the Invariant Approximations. 

Theorem 3.1:  Let  ( , )X d   be a symmetric space and let T be a 

weakly contractive mapping with respect to f, satisfying (E,A.) 

property. Assume that T leaves f-invariant compact subset S of 

closed subspace f(X) as invariant. If f and T are occasionally 

weakly compatible maps and 0 ( ) ( )x F T F f∈ ∩  then, 

0( ) ( ) ( )SP x F T F f φ∩ ∩ ≠ . 

 

Proof: Since S is a compact subset of f(X), 

therefore 0( )SP x φ≠ . To show that 

0 0( ( )) ( ( ))S ST P x f P x⊆ . 

Assume on contrary that there exists  0( )SP xγ ∈  

with 0( ) ( ( ))ST f P xγ ∉ . Consider the function 

       

0 0 0 0( ( ), ) ( , ) ( , ( )) ( ( ), ( ))d f x d x S d x T d T x Tγ γ γ= ≤ =
               

0 0 0( ( ), ( )) ( ( ), ( ))) ( ( ), )d f x f d f x f d f xγ ψ γ γ≤ − <
 

, which is a contradiction. Hence this shows that γ  is a fixed 

point of convergence in 0( )SP x . Now, since 0( ( ))Sf P x  

being, closed subset of complete symmetric space is complete, 

therefore T and f have a common fixed point in 0( )SP x  . Hence 

the result follows. 

 

Theorem 3.2:  Let  ( , )X d   be a symmetric space and let T be a 

weakly contractive mapping with respect to f, satisfying (E,A.) 

property. Assume that T leaves f-invariant compact subset S of 

closed subspace f(X) as invariant. Let v X∈  and for each 

( ), ( , ( )) ( , ( ))SP v d x T d x fγ γ γ∈ < and ( ) ( )Sf P vγ ∈ . If 

f and T are occasionally weakly compatible maps, then v is the 

best approximation in S, which is also the common fixed point of 

f and T.   

 

Proof: Since S is a compact subset of f(X), 

therefore 0( )SP x φ≠ . Since f and T are occasionally weakly 

compatible maps, so for Tx fx∈ , there exists fTx Tfx⊆  and 

hence 0 0( ( )) ( ( ))S ST P x f P x⊆ . On contrary, assume that 

there exists γ in 0( )SP x  with 0( ) ( ( ) )ST f P xγ ∉ .  

So,              ( ( ) , ) ( , )d f v f v Sγ =  

                                      

( , ( ) ) ( , ( ) ) ( , )d v T d v f d v Sγ γ≤ < < . 

This contradiction leads to 0 0( ( )) ( ( ))S ST P x f P x⊆  . Now 

as 0( ( ))Sf P x  being closed subset of complete symmetric space 

is complete. So, v has a best approximation in S, which is also 

common fixed point of f and T. 
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