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ABSTRACT
We present common fixed point theory for generalized weak
contractive condition in symmetric spaces under strict
contractions and obtain some results on Invariant
Approximations.
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1. INTRODUCTION

With the advent of notion of compatible maps introduced by
Jungck[8], the study of common fixed point theorems for
contractive maps has centered around the study of compatible
maps and its weaker forms. On the other hand, the study of
noncompatible maps is also equally interesting. Pant[13], Aamri
and Moutawkil[1] and others have initiated wonderful works in
this field.

It has been observed [6] that some of defining properties of
metric are not needed in proofs of certain metric theorems.
Motivated by this fact, Hicks [6] established fixed point theorems
in symmetric spaces. Recall that a symmetric on a set X is a non
negative real valued function d on XxX. such that

(i) d(x,y)=0 ifand only if x=y
(i) d(x,y)=d(y,x) .

Let d be a symmetric on set X and for #>0 | let
B(x,r)={yeX :d(x,y)<r}. A topology t(d)on X is
Uet(d) , if and only
XEU,B(X,I")CU, for some #>0. A symmetric d is a

given by if for each
semimetric if for each x€ X and each7 >0 ,B(x, 7‘) is a

neighbourhood of x in topologyl‘(d ) We  have

Limd(x,,x)=0 ifand only if X, —> X in topology(d).

n—>x0

The following two axioms given by Wilson [18]. Let
(X ,d ) be a symmetric space:

(W.3): Given {xn},Xand Y in X, then Lim d(xn,x)=0
n—»0

and Limd(x,,y)=0 implies thatx= .
n—o

(W.4): Given{x,},Xandy in X, then Limd(x,,x)=0&

n—o0

Limd(x,,y,)=0 implies that, Limd(y,,x)=0.

2. PRELIMINARIES

Sessa[16] introduced the concept of weak commuting
maps in metric spaces. Jungck[8] extended his concept in the
following way:

Definition 1.1: Let f and T be the two self mappings of symmetric
space (X,d) , then f and T are said to be compatible if

%ilz;t d(fon , fon )=0whenever {x n} is a sequence in X,
such that Lim ﬁcn =Lim Txn =t ,foreach te X .
n—x0 n—x0

Obviously two weak commuting mappings are compatible but
converse is not true[8]. Recently, Jungck[7] introduced the
concept of weak compatible maps as follows:

Definition 1.2: Let f and T be the two self mappings of symmetric
space (X, d) , then fand T are said to be weakly compatible if
they commute at their coincidence points i.e. if fu =Tu for
some UuEX then fTu = Tfu . Also, we have that two
compatible maps are weakly compatible but converse is not true.

In 2006, Jungck and Rhoades [9] gave some theorems on
Occasionally weakly compatible maps. Recently in 2008, M. A.
Al-Thagafi and N. Shahzad [19] defined the concept of
Occasionally weakly compatible maps and applied it for invariant
approximations

f X > X and
T:X — X are said to be occasionally weakly compatible if

Definition 1.3: Two self maps

and only if there exists some point X in X, such that fx =Tx
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at which f and T commute. In other words, for Txe jin , We

haveTijg fo.

Example: Let X = [0, o) with usual metric. Define
f:X—)XandT:X—)X by
0 ;0<x<1 X ;0<x<1

fi =

2x ;1<x< @ (1,L1+4x) ;1<x<xo

It can be verified that X =1 is the coincidence point of f and T,
but f and T are not weakly compatible, however {f, T} is
occasionally weakly compatible.

Aamri and Moutawkil [1] proved some common fixed
point theorems under strict contractions on metric space,
satisfying (E.A.) property.

Definition 1.4: Two self maps fand T of a metric space (X, d)
is said to satisfy property (E.A.), if there exists a sequence {)C n} s

X in X, such thatLiﬂlf)Cn =Limen =t ,forsomet € X .

n—>0 n—>0

Clearly, a pair of compatible as well as noncompatible self
mappings of a metric space (X, d) satisfies property (E.A.). In
general, a pair enjoying (E.A.) property need not follow pattern of

containment of range of one map into range of other map but
relaxes it such requirements.

Meinardus[ 12] introduced the notion of Invariant approximation.
Brosowski[5] initiated the study of invariant approximation, using
fixed point theory and thereafter subsequent valuable results have
now appeared in literature of approximation theory[4,16].

Definition 1.5: Let S be a subset of metric X. The set
P (x)={xeS:d(x,y)= dlst(y,S)} is called the set of

best  approximations  to in X, out of S

where dist(y,S)=inf{d(z, y) zeS}.

The main aim of this paper is to get coincidence point for two self
maps, satisfying generalized weak contractive condition, under
strict contractions in symmetric spaces. Besides this, we will
satisfy the convergence for modified Mann Iteration and Ishikawa
Iteration. As an application we will also obtain some results on
existence of common fixed points from the set of best
approximations.

Alber and Guerre Delabriere[3] coined the term weakly
contractive maps and obtained fixed points in Hilbert spaces.
Rhoades[14] extended his result to Banach spaces. So, we have
few more definitions:

Definition 1.6: Let X be a metric space. A mapping
T:X — X is said to be weakly contractive with respect to

f X—>X if for each x,y in X, there exists
d(Tx,Ty)<d(fx, fy)—w(d(fx, /) . where
w :[0,00) >[0,0), (0)=0and Limy(t)=oo.
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Definition 1.7: Let X be a Banach space and let T be weakly
contractive mapping with respect to f, on X, under strict
contractions. Let f(X) be a convex subset of X. Define a

sequence {yn} in f(X) as
Y, =S )=0-a,)f(x)+e,g(x,);x X n20

Definition 1.8: Let X be a Banach space and let T be weakly
contractive mapping with respect to f, on X, under strict
contractions. Assume that f(X) be a convex subset of X. Define a

sequence {y " } and {Z n } in f(X) as:

z,=f(x)=(-a,)f(x)+a,T(w,)

yn:f(W,,):(l_,Bn)f(xn)+,3nT(xn); 1n>0 where

0<e, <1, 0< ,Bn <1, foreachn,x, € X

3. MAIN RESULTS

Theorem 2.1: Let (X, d) be a symmetric space and let T be a
weakly contractive mapping with respect to f, such that (i)
T(X) < f(X) (i) fand T satisfy (E,A.) property (iii) f(X) is

a complete subspace of X, then (a) The pair (f,T) has a point of
coincidence

(b) The pair (f,;T) has common fixed point provided it is
occasionally weakly compatible.
Proof: Part I: Let X, be any arbitrary point in X. Choose a
point X, in X, we obtain X

T(xn) =f(xn+1)~

d(f (X, f(x,,2)) =d(T(x,), T(x,.,))
SA(f (%005 f(%,2)) =wd(f(x,.), f(x,,)) 21]

Here we have {d(f(xm),f(xmz))}is an

increasing sequence of position of real numbers and so tends to
limit (say [ >0 ). 1f [ >0, then we have

d(f (%), f (%, )< d((f(x,), [ (x,.))=p()  {22]

Thus;

ACf s f i DS A((f (X)), S (%,,)) =Nl

[2.3]
which is a contradiction for N is large enough. And so therefore

limd(f(xn),f(anrl)):O. Further more for m > n,

SO d( (%), f (X, D+, f(6,)) + o
...... +d((f (). f(,)

in X, such that

n+l1

Consider
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Using [2.4] and lim d(f(xn),f(an )) =0, along with

weakly contractivity of T, with respect to f, we obtain

{d(f(x,), f(x,)}—>0,as m,n—>c0.
View of (i), there is existence of sequence {)C n} in X, such that

Lim fx,=LimTx, =t € X .

n—>0 n—>0

As, f(X) is a complete subspace of X, every
sequence of f(X),has a limit in f(X). Therefore,

Lim fx,=t= fa=LimTx, ;a € X, which in turn yields

n—0 n—»0

that t= fa € f(X).Now,assert that fa=Ta .

If not, thend ( fa,Ta)>0. Now

d(f(x,.).T(a)) =d(T(x,),T(a))
<d(f(x,), f(@)=w(d(f(x,), f(a) [23]

Taking Lim , we get;

n—0

d(t,T(a)) <d(t, f(a)-w(d(t f(a))  [26]
Thence, a is the
equation f(x):T(x). Thus, the pair (f, T) has a common
fixed point of coincidence.

solving;

solution of  the functional

Part II: We have obtained a point « in X, such

thatT'(@)= f(a)=t, which satisfies occasionally weakly
compatible map condition. So fT (a)=T; f (@) and as such
Tt :fa . To show that f(l)zt . If, we consider that it is not
so, then we have d( f(¢),t) = d(T(a),T(t))

<d(f(a), f ()~ (d(t f ()
< d(t, f(t)), which is a contradiction.

Hence the pair (f,T) has a common point of coincidence.

Remark 2.1: If f(X) = X and f = id, (identity map of X), then we
conclude from [2.1], that the sequence {x n} converges to affixed

point of T. Thus our Theorem 2.1 is a generalization theorem of
Rhoades [14, Theorem 1].

Remark 2.2: If we define . [O,OO) —> [O,OO) by
l//(l‘)=t —7(t) where r:[0,00) —[0,0) is a continuous
function such that I”(l‘ ) <t for each t>0 , we obtain the
similar contractive condition as given by Pant[13, Theorem 1].

Example 2.1: Let X = R with usual symmetric metric and let T
and f'be given by

T(x)=px ;p=#0
forall xe X .
f(x) =q_’”x§’”>0>qioal>(7’_1)2p
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Define i :[0,00) = [0,0) as W (X)=x/r

As  d(fx, y)—w(d(fx, p))=(r—-D]x—y|
2plx=yl
=d(Tx,Ty)

Therefore, T is weakly contractive mapping with respect to f. For
p > r, T is not f-nonexpansive map. Moreover, T and f have a
common fixed point.

Theorem 2.2: Let X be a normed space and T be a weakly
contractive mapping with respect to f, satisfying (E.A.) property.
If T and f are occasionally weakly compatible and f(X) as a
complete subspace of X, then modified Mann iteration

Z O, =00 converges to a common fixed point of fand T.

Proof: From Theorem 2.1, we obtain common fixed point ¢ of T
and f.

Consider

1y, =tl=l(=a,)f(x,)+e,T(x,)= f(a) ]l
=[1A-a,)f(x,)=f@)+a,T(x,)-T(a)|

<= )l f(x)-f@+a, [ T(x,)-T(a) ||
<l /) =-f@l-aydlfx)=- @l

<Ny,—tll [2.11]
which gives Lim ||yn -t || =r2> 0. Now if r > 0, then any
n—»0

fixed positive integer N, we have

dawr) < Dlawly,—tl)
n=N n=N
< DUy =th=lly,=tl)
n=N
< ||yN—t, [2.12]

which contradicts ¢, . Therefore the Mann iteration sequence

converges to a common fixed point of T and f.

Theorem 2.3: Let X be a normed space and T be a weakly
contractive mapping with respect to f, satisfying (E.A.) property.
If T and f are occasionally weakly compatible and f(X) is a

complete subspace of X. Suppose that two sequences { ), } and

{ Z, } are defined as

z,=f(x,)=(-a,)f(x)+a,T(w,)
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v,=fw)=0=-8)1(x)+pBT(x,); n=0

0<a,<1,0<B,<1,> a,B,=% and x, €0, then the

where

iterative sequence converges { Z, } to a common fixed point of f
and T.

Proof: Let ¢ be a common fixed point of T and f, the existence of
this fixed point of T and f, follows from Theorem 2.1, So,

Iz, =tl=llA-a,)f(x)+a,Tw,)—t]

<(=a)lf(x)=tl+a,[Tw,)-T(a)]

<(=a )l f(x)=tll+a, | (FOw)=tll=w( f(w,)=2]D)

<(=a) |l fx)—tll+e, ([ (1= 5,)f(x,)+
BT(x)=tll=w(l fw,)-tl)
<(=a )|l fx)—tll+e, (A=) f(x,) -
t+8, 1 T(x,)=T(a) | -e, w (| f(w,)=t1D)
<(-a)[[f(x)~tl[+e,([(A=B) f(x,) ~t][+

0, ] Ce) =l =l f ()~ ID]=ex, w Al (w, )~ [])

S ) =tll=Aa,wl fCx) -t -
a, y(l.f(w,)-tl)
SHf(xn)—l‘Hwhich gives Ll'IZ;lHZn—t“:l"Z 0.

Suppose that r > 0, then for any fixed integer N, we have

Sapy) < SaBullz i)

< 2z =tl=lz., -t
n=N
< lzy =]

which contradicts Z a, ﬂn =00, Thereby the result follows.

4. INVARIANT APPROXIMATIONS

As an application of Theorem 2.1,we have the following results,
involving the Invariant Approximations.
Theorem 3.1: Let (X , d ) be a symmetric space and let T be a

weakly contractive mapping with respect to f, satisfying (E,A.)
property. Assume that T leaves f-invariant compact subset S of
closed subspace f(X) as invariant. If f and T are occasionally

weakly compatible maps and X, eF(T)NF( f ) then,
P(x)NF(T)NF(f)%4.
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Proof: Since S is a subset of f(X),
therefore PS (xo ) * (25 . To show that

T(P(x,) e f(P(x,).
Assume on contrary that there exists

with T'(y) & f (PS (xo )) . Consider the function

compact

7 € Pi(x))

d(f(7),x))=d(x,$)<d (x,, T(y))= d(T(x,), T (7))
<d(f (%), f () =wd(f(x), f (1)) <d(f (7). %)

, which is a contradiction. Hence this shows that ) is a fixed
point of convergence in Rg(xo). Now, since f(PS (xo))
being, closed subset of complete symmetric space is complete,
therefore T and f have a common fixed point in PS (xo) . Hence

the result follows.

Theorem 3.2: Let (X, d) be a symmetric space and let T be a

weakly contractive mapping with respect to f, satisfying (E,A.)
property. Assume that T leaves f-invariant compact subset S of

closed subspace f(X) as invariant. Let VE€ X and for each
y € Bs(v),d(x,T(y))<d(x, f(y))and f(y) € Fs(v) . If

f and T are occasionally weakly compatible maps, then v is the
best approximation in S, which is also the common fixed point of
fand T.

Proof: Since S is a compact subset of f(X),

thereforePS(xo)i¢. Since f and T are occasionally weakly
compatible maps, so for Tx € fx , there exists fT xc T ﬁc and
hence T(PS (xo ) gf(PS (xo )) . On contrary, assume that

there exists ¥ in PS(XO) with T(}/) & f(PS (xo)).
So, d(f(Y)aV)zf(VaS)

<dW,T(y)) <d(, f(7))<d(»,5).
This contradiction leads to T(PS (xo ) gf(PS ()C0 )) . Now

as [ (Ps (xo )) being closed subset of complete symmetric space

is complete. So, v has a best approximation in S, which is also
common fixed point of fand T.
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