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ABSTRACT

In this paper, we apply the notion of bipolar-valued fuzzy set
to groups. We introduce the concept of bipolar fuzzy groups /
fuzzy d-ideals of groups under (T.S) norm and investigate
several properties. We give relations between a bipolar fuzzy
group and bipolar fuzzy d-ideal. We provide a condition for
bipolar fuzzy groups to be a bipolar fuzzy d-ideal. We also
give characterizations of bipolar fuzzy ideal. We consider the
concept of strongest bipolar fuzzy relations on bipolar fuzzy
d-ideals of a group and discuss some related properties.
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1. INTRODUCTION

Fuzzy sets are a kind of useful mathematical structure to
represent a collection of objects whose boundary is vague.
There are several kinds of fuzzy sets extensions in the fuzzy
set theory, for example, intuitionistic fuzzy sets, interval
valued fuzzy sets, vague sets etc. Bipolar-valued fuzzy sets
are an extension of fuzzy sets whose membership degree
range is enlarged from the interval [0, 1] to [-1, 1]. Bipolar-
Valued fuzzy sets have membership degrees that represent the
degree of satisfaction to the property and its counter property.
In a bipolar valued fuzzy set the membership degree 0 means
that elements are irrelevant to the corresponding property, the
membership degrees on (0,1] indicate that elements some
what satisfy the property, and the membership degrees on [-
1,0) indicate that elements somewhat satisfy the implicit
counter property. In the definition of bipolar-valued fuzzy
sets, there are two kinds of representations so called canonical
representation and reduced representation. In this paper, we
use the canonical representation of bipolar valued fuzzy sets.

2. PRELIMINARIES
2.1 Definition: Let ‘S’ be a set.
function p: S=>[0,1].

Afuzzy setinSisa

2.2 Definition: Let ‘G’ be a non-empty set. A bipolar-Valued
Fuzzy set A in G is an object having the form A={(x,
ua"(X), ua'(X) / xeG} where pa":G=>[0,1] and pa” G=> [-1,0]
are mapping. The positive membership degree pa*(x) denotes
the satisfaction degree of an element x to the property

corresponding to ‘A’ and the negative membership degree pa’
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(x) denotes the satisfaction degree of x to some implicit
counter property of A.

2.3 Definition: A bipolar fuzzy set ‘A’ in X is called a bipolar
Fuzzy group (BPFG)of X if it satisfies

(BFG1) pa'(xy) =T{ua"(x), ua'(y)}
(BFGy) HA;(Xyl) <S{ &A_(X): A (W}
(BFGs) pa (X7) = pa'(x) and

(BFGs) pa(x™) < pa’(x) forall x,yeX.

2.4 Definition: For a bipolar fuzzy set ‘A’ and (B,a) € [-1.0] X
[0,1], we define

A= {xeX / paT(x) > al, As = {xeX/ pa*(x) > a}
which are called the positive a-cut and negative p-cut of A

respectively.

2.5 Definition: A bipolar fuzzy set ‘A’ in X is called a bipolar
fuzzy d-ideal of X if it satisfies;

(BFl)  1a"(®) = T{ua"(xy), ua"(y)}
(BFL)  pa(x) =S{pa(xy), ua(V)}
(BFl)  pa"(e) = pa'(x) and

for all x,y € X.

Ha'(e) = pa’(X) and

2.6 Definition: Let A and p be two  Q-fuzzy subsets in X.
The Cartesian Product of L"xp" : X x X = [0,1] is defined by
Axuf(x,Y)g = T{ X'(x), w'(y)} and A™xp": X x X > [0,1] is
defined by A" xp" (X,y)q = S{N (%), w(y)} for all
x,y € X.

2.7 Definition: Let f : X = y be a mapping of group’s and ‘W’
be a bipolar fuzzy set of y. The map pis the pre image of
and i, under f. 50 p;"'(x) = n(x), 1 (%) = 1'(%)

2.8 Definition: Let ‘A’ be a bipolar fuzzy set in a X, the
strongest bipolar fuzzy relation on X that is fuzzy relation on
A is pa given by,

Ha (xY)=T{AT(X), A"(Y)}
pa (X,Y)=S{A(x), A’(y)}for all x,y ¢ X.
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For the sake of simplicity, we shall use the symbol A = (n*, W
) for the bipolar valued fuzzy set A = { (x, p*(u), w(u) / x € G)
and (BFG) for bipolar fuzzy for regular group of G.

3. PROPERTIES OF BIPOLAR-FUZZY
GROUP AND BIPOLAR FUZZY D-

IDEALS

Proposition 3.1: If ¢ is a bipolar fuzzy group of X, then
Ho (€)= py (x)and  p,’(e) <y (x) forall x € X.
Proof: Let x ¢ X, then

He'(e) = o (X X)

>T { ' (%), ' (X}

=T { 1y (%), 1o (¥}

> 1, (%)

and p,(e) = py (x X

< S { (), 1y (X}

<S { pe (%), 1o (X)}

Sy (X)

This completes the proof.

Proposition 3.2: Let ‘¢’ be a bipolar fuzzy group of X, then
the following assertations are valid.

() (Y ae[0,1]1(¢," = = ¢ isagroup of X)

(ii) (v Be[-1,0] (05" # ¢ = ¢y is a group of X)

Proof: Lett g [0,1] be such that o =0, Ifx,ye ¢,
then py"(x) > tand p,"(y) > t. It follows that p,"(xy) > T {
Ho (%), 1y ()} =t

Corollary 3.3: If ¢ is a bipolar fuzzy group of X, then the
Sets ¢"ypre) aNd ¢, (€) are group of X.

Proof:  Straight forward.

Proposition 3.4: Let ¢ = (X, ", 1y ) be a bipolar fuzzy d-
ideal of X. If the inequality xy < z holds in X, then
He' () =T { '), ') }
By ()< S {1 (@}
Proof: Let X, y, z ¢ X be such that xy < z, then
(xy)z =0, and so
B0 2T {1 (xy), 1" W)}
>T{T { 1" ()7 15" (@)}, 15" (¥) }
=T{T {1 (®), " @} 1" (M}
=T{'Y '@}
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and

He () =S {pe(xy) ey ()}
<S{S { e (xy)z wy (2}, 1o (¥) 3
=S {S{ns(e), my @}, oy M}
=S{m (), (2}

This completes the proof.

Proposition 3.5: Let ¢ be a bipolar fuzzy d-ideal of X. If the
inequality x<y holds in X, then p;"(x) > 1" (y) and py(x) < py
V).

Proof: Let x, y € X be such that x <y, then p,"(X)
2T { " (k) 1y )} = T{ 6"(@), 1" )} = 1"(Y)

Hy (¥) =S { iy (xy), me (N}

=T{ (@), pe (M} =us (¥)
This completes the proof.

Proposition 3.6: In a group X, every bipolar fuzzy d-ideal of
X is bipolar fuzzy group of X.

Proof: Let ‘¢’ be a bipolar fuzzy d-ideal of a group X.
Since xy < x  for all x,y € X, it follows from Proposition
(3.5) that

Ho'(xy) = T { po (X) and py(x) < py'(X), so from Proposition
31

(BPFG) 1" (xy) =T { 1y (X)

2T {1y (xy),1s" (NI= T{ 16", 15" (M}
and

By (XY) < 1y (%) < S { 1y (Xy), 1y ()}
<S{py (), e (N}

Mo (XY = T {py"(xy), 1, (0}

=T{ 1" (®), ' ()= 1e'(¥)

My (V)}

<S{ns(©), me (N} <y (X)

Hence ¢ is bipolar fuzzy group. The converse of the theorem

He (X <8 { py(xy),

is not true in general.

Proposition 3.7: Let ‘¢’ be a bipolar fuzzy group of a group
X such that Proposition 3.2 holds for all x, y, z & X satisfying
the inequality xy € z then ¢ is a bipolar fuzzy d-ideal of X.
Proof: Recall from Proposition 3.1; that p,"(e) > p,"(x) and
o (€) < [y (x) for all x € X. Since x (xy) <y forallx,y € X,
it follows that Proposition 3.2,

o' () =T { pg"(xy), py"(¥)} and

o (x) < S { e (xy), 1o (V)}-
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Hence ¢ is a bipolar fuzzy d-ideal of X.

Proposition 3.8: Let A and p be bipolar fuzzy d-ideal of X,
then Axp is also bipolar fuzzy d-ideal of X.

Proof: For any (X1, X2), (Y1, ¥2) € X X X, we have
(BFdy) (A" x ') (xq, X2)

=T {A(x1), ' (x2) }

2T { T{A" (0, y1), (Y0} T{u" (%2, ¥2), W'(¥2)} }
=T{T{A (X0, y2), 1 (X2 Y2) 3 TEV (), 17 (Y2)} 3

{w'0y), 1 0¥= S L f(xy), w(F}

=S L (f09. 1)), w(f(x) }

> 1(f() = 1w'(x)

Hence p'is bipolar fuzzy d-ideal of X.

Proposition 3.9: Let f: x = y be a homomorphism of
groups. If ‘p’ is a bipolar fuzzy d-ideal of y, then uf is bipolar
fuzzy d-ideal of X.

Proof: For any x € X, we have

w(x) = W (fx)) > n'e) = w'(f(e)) = u*'(e)

W) = W) <p(e) = p(fe) = u'e)

Letx,yeX

T xy), 1) 3

= T{W'(fexy), w'(f(y) 3

= T{W (f09)-f(y)), 1 (F(y)

< W) = p().

Proposition 3.10: Let f : x = y be an epimorphism of
groups. If pf is bipolar fuzzy d-ideal of X, then p is bipolar
fuzzy d-ideal of Y.

Proof: LetyeY, there exists x € X such that f(x) =y, then
W) = 1 (f(x)) = 1)

<u'(e) = W'(fe) = n'(e)

W) = W) = w'(x)

> 1'(e) = w(f(e) = w(e)

Let X, y € Y, then there exists a, b € X, such that f(a) = x and
f(b) =y. It follows that

W) = u () = i) and w(x) = W(f(a) = u'@)

> T{ u"(ab), n(b)}

= T{ w'(f(ab), u(f(0)}

= T{ W'(f(a).f(b)), W (f(b)}

=T{ ' (xy), ”'(¥)}

Also

<S{u(ab), w'(B)}

= S{ p(f(ab), w(f(b)}

= S{ p(f(a).f(b)), w(f(b)}
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=S{nwkxy), W)}
Hence p is a bipolar fuzzy d-ideal of y.
=T{(A" x 1) (%1, %), (Yo, Y2)}
(Ax) (X, X2) =S{N(x1), K (x2)}
SS{SV(xuy), Xy} ST (X2y2), w(y2)}
= S{S{A(Xuy1), (%22} S{A (Y1), w(y2)}
= S{ (W) (X1, X2) (Y1, Y2), (W*xp) (Y1, ¥2)}
(') (a7 %)
=T, 10}
2T{ T{M (Y1), X (D)} T{r (X2,Y2), 1 (¥2)}
=T{T (XY, 1 (X2y2)} T (Y, 1'(y2)}
= T{ (%) (X1, %) (Yo, V), (X" xu)(ya, ¥2)}
o) (7 %)= S{U (), A(xe )}
SS{SV(xuy), Xy} ST (X2y2), w(y2)}
= S{S{A(Xuy1), K (X2¥2)} S{A (Y1), w(y2)}
SS{xW) (X1, X2, Y1, Vo), (W) (Yo, Y2)3
Hence Axp is bipolar fuzzy d-ideal of X.
Proposition 3.11: Let ‘A’ be a bipolar fuzzy set in a group X
and pa be the strongest bipolar fuzzy relation on X, then A is
a bipolar fuzzy d-ideal of X if and only if p4 is a bipolar fuzzy
d-ideal of X x X.

Proof: Suppose that ‘A’ is a bipolar fuzzy d-ideal
of X, then
ua'(e, €) = T{A(e), A'(e)}

>T{A(X), A"V} =pa'(x, y) for all (x, y) e X x X.
na'(e €) =S {A(e), A(e)}

< S{AKX), Ay} =pa(x,y) forall (x,y) e X x X.
For any x = (X, X2) and

y=(y1 ¥2) e Xx X

Ba"(X) = pa"(Xa, X2)

= T{A(x), A'(x2)}

>T{T{A"(x1,y1), A"(y)}, T{A (X2, ¥2), A"(y2)} }
T{T{A (X1, y1), A"(%2, ¥2)}, T{A (Y1), A"(y2) } }
= T{ua (X1, Y1), (%2 ¥2)), ta" (Y1, ¥2)}

T{ua"(xy), ma'(}

Ha'(X) = pa (X1, X2)

= S{A (), A(x)}

< S{S{A (X1, Y1), A (YD}, S{A (X2, V2), A(¥2)} }

= S{S{A (x, y1), A(x2, Y2}, S{A (Y1), A(y2) 3 }

= S{ pa (X1, Y1), (X2, ¥2)), ma' (Y1, ¥2)}

=S{pa(xy), pa ()}

Hence pa is a bipolar fuzzy d-ideal of X x X. Conversely,

suppose that pa is a bipolar fuzzy d-ideal of X x X. Then,
T{A'(e) A"(e)} = na"(e ©)
> ua"(x, y) = T{A(X), A"(Y)} V(x, ) e X x X.
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S{A(e). A(®} =nale,e)<pa(xy) =S {A(x), A(Y)}
for any x = (x4, y1) and
y=(Y1, Y2) € Xx X, we have
T{AX1), AX2)} = pa(X1, X2)
= T{pal(X, X2), (Y1, ¥2)), malys ¥2)3
T{ua(XaY1 X2Y2)), malYs, Y23
T{ T{AKX1, 1), Alx2, Y23 T{AYD), Aly2)}
T{T{ARX Y1), AY1), T{AX2 ¥2), AlY2)}
Putting X; = X, = 0, we have
pa(X1) = T{palXe, Y1), pa(ys)}
Likewise, pa(Xiy1) = T{pa(X1), na(%2)}
S{AM), A(X2)} = pa(X1, X2)
< S{ual(X1, X2), (Y1, ¥2)), ralyn, ¥2)}
S{ua(Xay1, X2¥2)), valy1s Y2)}
S{S{AXL Y1), Alxa, V2)}, S{A(Y1), A(y2)}
S{S{ AKX Y1), Alya), S{AXz, Y2), A(y2)}
Putting X; = X, = 0, we have
HA(X1) < S{pa(Xs, Y1), malyn}
Likewise, pa(Xiy1) < S{pa(X0), pa(*2)}
Hence Ais a bipolar fuzzy  d-ideal of X.

Proposition 3.12: Let ¢ be a bipolar fuzzy set in X, then ¢ is
a bipolar fuzzy d-ideal of X if and only if it satisfies the
following assertations.

(Y ae[0,1] (o = = ¢ isan ideal of X)

(¥ Bel-1,0] (s # ¢ = ¢p is an ideal of X)

Proof: Assume that ¢ is a bipolar fuzzy d-ideal of X.
Let (s,t) € [-1, 0] £ [0,1] be such that ¢, = ¢ and ¢s = ¢.

Obviously, e € ¢;" ™ ¢s .

Let x, y € X be such that xyed, andyed;,
and

Let a, b € X be such that abeds and b € ¢s , then
Ho'(XY) 2t pe"(y) = t, py (ab) <5 and py (b) <s.

It follows from Proposition 3.1

Ho'(X) =T {py"(y), o' (y)} =t and

Hy (@) < S { py(ab), py(b) <s

sothat x & ¢ and a € ¢s. Therefore ¢ and ¢, are ideals of
X.

Conversely, suppose that the condition (corollary) is
valid. Forany x € X, let p,"(x) = t and p, (x) =, then x € ¢;"
~ ¢, and so ¢, and ¢, are non-empty. Since ¢," and ¢, are
ideal of X, e € ¢ ™ ¢s . Hence p,"(€) =t =p,"(X) and p,(e)
<s=p, (x) forall x e X.
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If there exists x', y*, ', b" & X such that p,"(x") <
T{ " (YD, 1" (YD}
and (") > S{ py (@'hh), py (01} then by taking
to= Yo { 1y (<) + T{ns (XYY", 1s" (Y}
So=" { no'(@") + S{ ps'(@'b?), py (0}
We have,
B (<) <tos T{ s (YY), 1o (Y}
Hy'(@) <0< Sipy(@'hY), pe (6}

Hence x! ¢d’, X4 Ve o', Y € ™, @ & ¢so and
b' & ¢ This is a contradiction and thus ¢ is a bipolar fuzzy
d-ideal of X.

4. CONCLUSION

K.J. Lee [6] introduces the notion of bipolar fuzzy sub-algebra
and bipolar fuzzy ideals of BCK/BCl-algebra. In this paper,
we provide a condition for a bipolar fuzzy group and bipolar
fuzzy d-ideal. We give relations between a bipolar fuzzy
group and bipolar fuzzy d-ideal. We consider the concept f
strongest bipolar fuzzy relation and discuss some related
properties.

5. ACKNOWLEDGEMENT

The Authors are highly grateful to the referees for their
valuable comments and suggestions for improving the paper.

6. REFERENCES

1. M. Akram and K.H. Dar, ‘On fuzzy d-algebras’,
Punjab University Journal of mathematics, 37(2005), 61-
76.

2. D-Dubois and H.Prade, Fuzzy sets and Systems;
theory and applications, Acaemic Press, 1980.
3. Y.B. Jun and S.Z. Song, Sub algebra’s and Closed

ideals of Belt-algebras based on bipolar-valued fuzzy
sets, Sci. Math. Jpn (submitted).

4. K.M.Lee, Bipolar-Valued fuzzy sets and their
operations, Proc. Int. Conf. on. Intelligent Technologies,
Bongkok, Thailand (2000), 307-312.

5. K.M. Lee, Composition of interval valued fuzzy
sets, Intuitionistic fuzzy sets and bipolar fuzzy sets, J.
Fuzzy Logic Intelligent Systems, 14(2004), No.2, 125-
129.

6. K.J. Lee, Bipolar fuzzy sub algebra’s, and be polar
fuzzy ideals of BCK/BCl-algebra’s, Bulletin of
Malaysian Mathematical Sciences Society, 1-14 (2008).

7. R. Nagarajan and A. Solairaju, ‘Characterizations of
bipolar Q-fuzzy groups in terms of Bipolar Q-fuzzy d-
ideals’ (submitted), Bulletin of Malaysian Mathematical
Society.

8. H.J. Zimmermann. Fuzzy set theory and its
applications, Klower-Nijhoff Publishing, 1985.

10


http://ijcaonline.org/

